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FOREWORD

TRACE was conceived .n August 1961, to meet the Aerospace Corporation
requirements in the fields of satellite tracking and system design. Although
under continuing development, the prograrmn has been used extensively in post-

flight orbit determination and tracking system analysis.

The present report is the first ""complete' description of the program; the
previous partial descriptions issued in March and December 1962 are now
obsolete and should be discarded. The information herein should be suffi-

cient for most users of the program.

TRACE was designed by M. Bennett, R. J. Mercer, D. Morrison,
L. Sachnoff, and C. €. Tonies; the principal contributors to the program
include the originators and D. A. Adams, C. Christensen, D. Groves,

K. Hubbard, S. McDcnald, J. Ostlie, and A. Skulich.
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ABSTRACT

TRACE is a multiple-purpose satellite orbit-determination program for the
IBM 7090 computer. Its applications include: (l) prediction - the generation
of a satellite trajectory and associated ground trace and station sighting data;
(2) orbit determination - estimation of trajectery parameters, station loca-
tions, and observational-biases, so as to best fit a set of observations; and

{3) error analysis - estimation of the potential accuracy attainable by a
tracking systemn, given the station locations, the data types, rates and
quality, the uncertainties in the model parameters, and the specifications

of the nominal orbit. The report contains the objectives of the program,
some theoretical foundations, the equations and methods employed, the struc-

ture of the program, and complete instructions for its use.
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0, & TRAJECTORY GENERATION

Basic to all applications of TRACE is the space vehicle trajectory. A tra-
jectory is defined by a set of initial conditions together with the differential
equations of motion which reflect the earth's gravitational and atmospheric
forces and those of other bodies affecting the velicle's motion. In TRACE,
the trajectory is generated in an inertial rectangular coordinate system by
a step-by-step numerical integration. (Between th=2 integration points, the

trajectory is defined by an interpolation formula.)

1. 2.1 Trajectory-Related QOutput

Trajectory-related output ma;} be obtained from any application of TRACE
at any reasonable set of time points, as well as optionally at the points of
equator crossings, apogee, and perigee. Any or all of three blocks of in-

formation may be selected for output at print times., They are:

e N =

a. Basic trajectory information including position and
velocity components, spherlcal coordmates ground
trace, and altitude, - -\;

r._.a.. LR Te
b, Conic section elements: computed‘f om*the components

v -

of position and velocuy Dl

c. Partial der1vat1ves of poS1t1on ’and\;velocny components
with’ respect to initial cond1t10ns ‘and di 1ferent1'=1 equation
parameLer . (These,,quaut1t1es a1e necessary for the
other applications. of TRACE but have also been found
useful in simple, traject01y generat1on where cffects of
initial condition or palameter rIors are sought. )

1.2.2 Required Input :
a. Epoch - the date and time of injectiowu.
b. Initial conditions of the orbit. Three types are acceptable:

(1) inertial rectangular components of position and velocity,
(2) spherical coordinates for position, together with the
flight path angle, azimuth, and magnitude of the velocity
vactor, and (3) elements of a conic section. In {2), either
the right ascension (inertial} or the longitude (referred to
Greenwich) may be specified.




c. The drag parameter CDA/W and a choice of atrmosphere
model. {The ARDC 1959 model is used unless otherwise
specified.)

Optional Input

a. Print times and output block indicators. (Trajectory-
related output is optional for any of the applications of
TRACE; in the simple trajectory generator function, this
output is presumably the purpese of the run.}

b. If partial derivatives with respect to certain trajectory
parameters are required, these parameters must be
specified.

o Many model constants and numerical integration param-

eters have been assigned standard values. All of themn
may be changed by eptional input.




1.3 RADAR DATA GENERATION

Simultaneous with trajectory generation, TRACE can produce listings of
satellite rise and set times, radar coordinates, and many related quantities
for up to 50 radar‘stations,:lz provided, of course, that the location and charac-
teristics of the stations are supplied. During visibility periods {determined
by the program), the desired .oulput quant'ities'are computed in chronological
order and stored in the memory until capacity is reached, at which point the
information is sorted by station and output. The process is repeated as
necessary to complete the listings. Optionally the eight quantities, through
Qin the following paragraph, may be written on a magnetic tape in chron-

ological order in the format of tracking input data.

The quantities to be output (in the station listings or on the data tape) are
selected by input, and include range, ‘azimuth, elevation, range rate,
doppler data (15, O, P and Q). azimuth rate, elevation rate, range accel-
eration, mutual visibility (up to eight stations only), latitude, longitude,
surface range, altitude, doppler rate, look angle, and standard deviations

of the six observational quantities R, A, E, R, A, E.

1.5.1 Required Input

a. Station location data.

Control information for each station. such as the minimum
and maximum elevation angles. maximum range of visi-
bility, the interval {during visibility periods) at which
computations are to be made, and the start and step times
for visibility testing and output.

c. The list of output quantities desired from each station.

“URadar station' should be interpreted heve penerally as a point on the
surface of the earth associated with satellite observations. It could be
a camera location, or :he location of a point observed from the satellite,

PLIRE

M.Optionally, rancdom noise mavy be added to the same eight observational
quantities.
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I.

3.2

Optional Input

a.

Control flags to indicate that only rise and set times are
to be generated, and that the generated obscrvational
quantities are to be listed chronologically on a magnetic
tape in the format of input data.

The mean and standard deviation of normally distributed
random noise to be added to the generated observational
quantities.

The computed value of elevation is altered to account for
atmospheric refraction. A numerical coefficient may be
changed, or set to zero if no correction is desired, by
optional input,

Uncertainties in the initial conditions of a trajectory will
be reflected in uncertainties in generated observational
quantities. A variance-covariance matrix of initial con-
ditions must be input if the computations of the standard
deviations of observational quantities are selected.

1-5




1.4 TRACKING

Approximately, TRACE can detexrmine the trajectory that best fits a set of

cbservations.

1.4.1 The Tracking Problem

More precisely, the trajectory of a space vehicle depends upon the initial
conditions of the motion and the differential equation parameters which
appear in the equations of motion. From the trajectory, one may compute

at the observation times the expected values of the recorded observations.
This computation further depends upecn the locations of the radar stations

and biases in the observations.. Thus, the computed ''observations' are
functions of parameters of four types: initial condition, differential equation,
station, and observation parameters. The tracking nroblem is to solve for
the set of parameters that minirnizes the differences between the computed

and measured observations.

»

Therefore, TRACE is able to solve for such quantities as the ballistic co-
efficient (a differential equation parameter} of the vehicle, the location of an
observing station, and the presence of observational or time biases in the

. data reported by a station, in addition to the usual initial condition param -

._ ‘Tc.at_e'rs.h l.(In pfacﬁ;:e_, one solves only for a selected set of parameters rather

than-all possible parameters. )
e amEg .

1.4.2 The Tracking Problem Sclution

The solution is an iterative process. Initial estimates of each of the param-
eters must be provided. DBased omn these estimates, the ''computed obser-

i

vations’™ and their partial derivatives with respect to the parameters are
formed, the normal matrix is accumulated, and measured and computed
observations are differenced, forming the '"residuals.” The residuals are
weighted by a combined scale and quality factor, checked against an editing
criterion, and the sum of the squares of the weighted residuals is accumu-

lated. When ali of the obscrvations have been so treated, a correction to

1-6




the set of parameters is computed and applied, and the process is repeated.
The root mean square of the weighted residuals provides the measure of

convergence of the process.

The solution parameters, which are derived from observations containing
random errors, must be regarded as estimates of the true parameters.
Under certain conditions {that the observational model is correct, that the
observational errors are independently distributed with mean zero and
variance crz, and that the weighting factor used is ¢ 1) the inverse of the
normal matrix is the variance-covariance matrix of the parameters. Thus

the solution process provides an estimate of the uncertainties in the derived

parameters,

Two types of conditions may be imposed upon the solution of the minimiza-
lion problem: bounds upon the magnitude of the computed corrections may
be piven, and linear constraints among the corrections may be specified.
The former is used to assure covergence, and the latter may represent
physical requirements, such as the fact that the difference in the latitudes

of two stations is accurately known.

The output includes the rms of the residuals (optionally the residuals may
also be reported by station) for the current iteration, the current and cor-
rected values of the parameters, the rms residual that is predicted for the
next iteraticn, and the standard devialions of, and the correlations among,

the parameters (obtained from the variance-covariance matrix).

Further optional output includes the individual residuals, partial derivatives
of observations with respect to parameters, and trajectory information at

observation times.
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L.

1.

4.

4.

Required Input

a.

The list of initial condition, differential equation, station
location, and observational parameters for which the pro-
gram is to solve, an initial estimate of each, and a bound

(if necessary) upon the magnitude of correction that is to
be permitted

Locations of all observation stations

The observational data. Many types of data are acceptable,
but eight of these (range, azimuth, elevation, range rate,
and the four doppler quantities, P, Q, P, Q) are regarded
as basic; the other data types are first converted to the
above set.

Weighting factors for the basic data types for each observ-
ing station

Optiosnal Input

a,

b.

The maximum number of iterations in the differential
correction process may be specified.

A refraction correction is applied to elevation observations.

A coefficient in this correction may be modified, or set to
zero, by opticnal input.

The names of up to nine staticns for which residuals are to
be reported may be input.

If linear constraints among the parameters exist, a con-
straint matrix must be input.

The level of residuals above «which data points are to be
discarded may be input.

1-8
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I, © STATISTICAL ANALYSIS

As already mentioned, under certain assumptions the inverse of the normal
matrix contains information as to the uncertainties with which parameters
are determined by a tracking system. This aspect of orbit determination is
exploited in TRACE to provide its system analysis capability. (Note that the
normal matrix involves only partial derivatives, nct residuals, and thus the
performance of a system can be analyzed without recourse to actual

observations. )

1.5.1 Assumptions

The assumptions are that observational errors are independently distributed
with mean zero and variance 0‘2, and that crh1 is used as the weighting factor
in forming the normal matrix., Under these conditions, the inverse of the
normal matrix is a variance-covariance matrix of the parameters being

estimated,

Insofar as these parameters are differential equation or radar parameters,
their variances and covariances satisfactorily describe their uncertainties.
However, the uncertainties in the motion of a vehicle are not adequately
described by the variances and covariances of the initial conditions and
differential equation paramneters of the trajectory. Rather, trajectory un-
certainties are better reported in terms of orbit plane coordinates, or conic
section elements, or such related quantities as period, apogee, and perigee
distance. Cartesian and spherical coordinate variance-covariance matrices

are also available,

A further sophistication arises from the assumption that the values of some
of the parameters used in the calculations, but not being estimated by the
differential correction process, are also uncertain, thereby inducing un-
certainties in the differentially corrected parameters and in the trajectory.
(This is a very commeon Situation; most tracking programs do not solve for
basic constants and station locations, but their current values must be some-

what uncertain.) Such parameters are referred to as ""Q-parameters' in

1-9




distiction to ""P-parameters, ' which are those being esturated oy differential
correction. TRACE will simultanecusly report P-parameter and trajectory
uncertainties with and without Q-parameter effects. The matrix of derivatives

of the P-parameters with respect to the Q-parameters can also be output.

1.5.2 Mechanics of Application

The mechanics of this application of TRACE are as follows: as the trajectory
is generated, the program determines {and outputs) periods of visibility from
each station. At the prescribed interval, while the vehicle is visible, the
partial derivatives of the observations with respect to the P- and Q-parameters
are computed, weighted, and accumulated (in double precision) into the normal
matrix. At the specified cutput points, the desired covariance matrices are

computed and output, along with such trajectory-related quantities as may

have been selected.

1.5.3 Required Inout

a. The list of up to 30 parameters, of which up to 15 may be
trajectory parameters

b. The set of output times and the list of output variance-
covariance mutrices desired. Optionally, only the standard
deviations (square root of the diagonal elements) can be
printed.

Station location information

d. Controel information, for each station, such as the minimum
and maximum elevation angles, maximum range of visibility,
the interval {during visibility periods) at which computa-
tions are to be made, and the start and stop times for
visibility testing and output

@ The list of data types reported by each station. Eleven
types are possible: range, azimuth, elevation, range rate,
the four doppler quantities (P, Q, P, Q), argument of the
latitude, the orthogonal angle measured from the equator
to the position of the vehicle in the plane containing the
radius vector and the vector normal to the eorbit plane, and
geocentric distance. {The last may be used to simulate
altitude observations, as height and geocentric distance
have a nearly constant difference.)

f. Standard deviations for each type of data




1.

5.

4

Optional Input

a.

b.

If Q-parameter effects are desired, each parameter must
be designated as being of type P or Q.

An input covariance matrix is required for the set of
Q-parameters.
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SECTION 2

THEORY

2.1 INTRODUCTION

Section 1 contains general descriptions of the various applications of TRACE
to orbit determination problems. In Section 2, more precise mathematical
statemnents of these problems are provided and the capabilities of TRACE

are discussed. The emphasis in this section, however, is upon theoretical
aspects and functional relations; the particular equations and methods used in
the program are set forth in Secti~ ? Again, the applications are treated
in the order of increasing scope, but not with uniform thoroughness. Topics
that are possibly less familiar have been emphasized, whereas more familiar
problems, such as the numerical solution of differential equations, have been

large-ly ignored.




Bo 2 THE TRAJECTORY AND ITS PARTIAL DERIVATIVES

The trajectory of a space vehicle is defined by the {differential) equation

of motion
X=-4F (1)

together with the initial values X(to) = }(0 and X(to) = Xo’ Here. X is a
3-vector of rectangular components (x, v, and z) of position in an inertial
coordinate system, a dot represents a time derivative, r = IXI =

2 2 Z2}1/2

(x~ + y + , 1 is the gravitational constant {GM) of the earth, and F

(a vector) represents the perturbing accelerations upon the vehicle.

One application of TRACE is merely to solve this differential equation. The
soiution X(t), f((t) is generated numerically at time pointe t = tj {(j=0, 1,

‘2, . . .) and defined at t = t}. by an interpolation formula.

The more sophisticated applications of TRACE require the sensitivity (as
expt :ssed by partial derivatives) of the trajectory to its initial conditions

and other parameters.

Obviously X is a function of i which is an example of a "differential equation

parameter.

Other such parameters (ballistic coefficients, oblateness
coefficients, etc. ) may appear in F. Furthermore, the soluticn depends on
the initial conditicns XO and XO, which in turn may be computed from ''initial
condition parameters. ' If we let vectors of these types of parameters be
represented by f and a respectively, we may show the [unctional relations

in Eq. (1) as

i:-%-&F(X,X,B,t) (2)
Ir

4




or
5{ = X(X,}.{,B,t)
with

X(e) = X (a) ,  K(t)= X _(a) (2a)

(F and X will be functions of X whenever drag forces are present.) The

dependence of the solution upon the parameters can be indicated as

X(t) = X(a,B,t_,1)

and similarly for X(t). {In fact, the solution can be given by the integral

equations

I

t
}.((G'!Bs to' t) xo(a) +ﬁ i’[X(a, B, tO’ t”), }.{(u, B’tost”)s B-t”] dt”

o]

and

X{a,B, to’ t)

rt
Xgle) + [y Xta,p.e,,v) at

8]

X (a) +{t - to)}'co(c)

t ot
+ \ 1 ¥ " " 7 et
ﬁ L X[X(a,p,t_, t"), Xla,B,t , "), Bt ] at
o) O

X(t) = X_{a) +(t - to)fco(a)
t . " " 14
+[ (t - t7)X[X(a,p,t_,t"), X(a.p,t .t ), B,t"]dt (3)
i
o
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which are hardly suitable for computations, but which do show the functional

relations more explicitly, )
gX 9X and QE

ga’ ap’ at '’
. 2 o . . .. o
which measure the sensitivity (to first order) of solutions to variations

We are now in a position to show how partial derivatives

in the trajectory parameters a, 3, and t,, are obtained, (These partial
derivatives are extensively used in other applications of TRACE, but are

also often of interest in their own right. )

If we differentiate Egs. (2) and (2a) with respect to a, interchange orders

of differentiation, and use the notation XCL for g—i(, we obtain

8X | o ( pX), oF|aX  oF 5X
9a 18X o3 8X|sa  gx da

or

¢ [ ex),8F]x ,aF
X = [ax(' r3)+ ax}xa + % X (4)
D9 ) a}'{o
with initial conditions Xu(to) =i and Xa(to) 37 (See Paragraph 2.2.1).

L N

Equation {(4) is called a "'variational equation, It is obviously a second-order

linear vector differential equation whose solution is the vector of partial
89X

derivatives Xa 1 = of the components of position with respect to the initial
. g X .
condition parameter a. In the course of solving Eq. (4}, Xa = —g—u— will also

be obtained. Such an equation can be derived for each initial conditien

parameter,

One can alsc obtain Eq. (4) by differentiating the integral Eq. (3) with respect

to a,

t { . an .
_ Y »” E BX BX BX "
X, =X (e )+ (-t )X (t) +[t0(t -t )\ax 5 T 3% aT) dt .5

[
'
Ha




and noting that Eq, (5) corresponds to Eq. (4) in exactly the same way that
Eq. (3) corresponds to Eq, (2). Reference 1, which initiated the authors’
use of variational equations, follows the integral formulation, but is more

concerned with interplanetary applications.

The variational equations for initial time t, are of the same form, but with

different initial conditions

¢ -l ( ex),er oF |
O

r

S —X’O(a)

These are derived by differentiating the integral equation {(Eq. 3), which best

shows the dependence upon to' with respect to to.

The variational equations for a differential equation parameter p are

¢ .2 (. eX),2Elx ,2F 4 ,2F
Xﬁ"[ax("r3)+BX]XF5+aXXB+B.B :

xﬁuo) = Xﬁ(to) =0 . (6)

As a source of partial derivatives, variational equations give results that are
more accurate than analytic derivatives (which assume two-body moticn), and

are more rapidly generated than difference quoti.entr_approximations. The

. 2] pX oE ar
2|2 =) B atll
greater speed derives from the fact that the terms LBX 3 3% and 3
of Eq. (4) are identical in all the variational equations; only the non-

homogeneous term %BF— of Eq. (6) varies with the particular parameter,

A further advantage of the variational equations is that they permit the use of

the difference quotient technique as a checking device. The two methods




must produce partial derivative estimates that are in substantial agreement;
the lack thereof would indicate the presence of a blunder. While the test is

hardly foolproof, it is valuable and should rot be overlooked.

2.2.1 Derivative with Respect to a Vector

The indication of a derivative with respect to a vector is a very convenient

notational device for representing partial derivative matrices and chain

rule differentiation. The iollowing conventions are observed throughout:
a. A "'vector' is a column vector; a row vector will be

described as such or denoted as a transposed vector.
Example: (x, y, z) = XT

b. The derivative of a vector with respect to a scalar is a
vector,

c, The derivative of a scalar with respect to a vector is a
row vector.

d. The derivative of a vecior with respect to a vector is a
matrix.

Example: If F is a vector function of a vector variable X,

then —g——fé is tt-g\a matrix of partial derivatives whose i - jth
. Ak
element is E)_)Tj'

*lote the neatness of the following example: Suppose X(t) is the vector

[xl(t), xz(t), _— xn(t)]T and y is a scalar function of X; y = f[xl(t),
XZ(t)’ C e xn(t)] = f{X(t)]. Then
ay ot i, et P o P o oax O
H?"axl dt " 8x, dt " Tax  dt o 8X dt ‘

dx
Here ai)t:{ is by convention a row vector, r TS a column vector, and the

juxtaposition of the two indicates the desired scalar product.
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& 3 BASIC ORBIT DETERMINATION

The basic orbit determination problem, as outlined in Section 1.4, is that of
finding values for a set of parameters {rorm an observational model so as to
minimize, in the sense of weighted least squares, the differences between the

measured observations and the corresponding quantities computed from the

model.

The model, as constituted in TRACE, includes the trajectory of the vehicle
(and thus the initial condition and differential equation parameters), the
locations of the observing stations, and constant bias errors in their instru-
ments or their clocks., In practice, one determines values for only a selected

subset, P, of the parameters of the model,

The weighting factors are necessary to assign the proper relative significance

to observations of different types and quality,

The basic orbit determination problem may row be restated: Given a set of
n normalized observations {multiplied by an appropriate weighting factor},
which are collectively denoted by the n-vector Om (m for "measured'), and
a rnodel from which the corresponding (similarly weighted) quantities Oc can
be computed as functions of parameters P, determine values of P so that
Horn - OC(P)”Z is minirnized.

Suppose that an approximate solution PO is known. (Approximate initial
conditions will be available either from design information or preliminary
orbit determination methods.) We expand OC(P) in a Taylor series to first

order about Po and obiain

2 _ REeTE:
10, - OP)[|" = ||O, - OP ) - A-aP|| (8)

20
CJPC is a matrix of normalized partial derivatives

to be minimized, where A =

evaluated at P = PO. The partial derivatives, with respect to trajectory




20 50
parameters, are computed from the chain rule formula ﬁ(—: = ﬁ?_ 3D
where —g—p is the matrix of solutions to the variational equations. The matrix

20
aXC and those columns of aPC that represent derivatives with respect to

aX

station parameters are computed directly from geometrical relations.

The differences, O (P })=0 - O (P ), between the normalized observa-
mc o m c' o

tions and the corresponding guantities computed from assumed values Po

are called "residuals’’; they will be due to the presence of randem observa-

tional errors, inadequacies in the model, and incorrect values for the model

parameters.

The above statement of the weighted least squares (WLS) problem conceals
the weighting factors, which could have bheen explicitly included in the

1/2

formulation as the elements of a diagonal matrix W {ThLis notation is

chosen in order to simplify subsequent equations in which (WI/Z)TW”2 =W
appears frequently, } Then the quantity te be minimized would have been
||W1/2(Omc - A-AP)HZ, with Omc and A representing actual, not weighted,
values. Since TRACE is restricted to independent observations for which

W is diagonal, we have chosen {for the sake of sirnplicity, not deception) to
include the weighting factors with the elements of Omc and A. In Section

2.5 on statistical aspects, the weighting matrix is discussed and displayed.

It should be noted that the solution of the WLS problem does not produce '"truc'
values for model parameters - it produces only "best fit'" values, Any
further conclusions of a statistical nature regarding the WLS solution require
additional assumptions regarding the model and the character of the random

observational errors. These topics will be discussed later.

Inasmuch as the original nonlinear WLS problem has been replaced by an
approximate linear problem (that of finding a correction ~ector AP so that
I O AP.) - A-AP||2 is minimized), we must not expect that P = P_ + AP
will be a solution of the original problem; rather, an iterative process is

indicated. HOmC(PO)H measures the degree to which an orbit, computed

.y




from the current values P_ of the parameters, fits the observations.

P | - . : . . .
HOmc” = |[OmC(P0) - A-AP|| is an approximation (based upon the linearity
assumption) to the value of Homc” that would be obtained by replacing Po
with P_t AP (The superscript p means "'predicted. ") In a well-behaved
iteration, the observed HOmc” should follow the predicted HOEncH’ and

relative agreement of the two is a measure of convergence of the process.

The correction vector AP is found as the solution of the linear system
T T
A =
(A A)AP = A Omc . {9)

This may be shown in various ways, of which two proofs follow.
Proof |

Let

flaP) = ||]A-AP - O ||2=(A'AP-O )T(A-AP-O )
mc mc mc

Differentiate f{AP} with respect to AP, The resultis

which must be zero if AP minimizes {{AP).
Proof 2 -

Let

ATA.ap - ATOmc' Then for any AP’ = AP




&

f(aP’) = ||A- AP - O+ A(AF - ADP)
_||a-aP-0O_ [|“+2{a-aP -0 1Tra(ap’ - apP)]
mcC mec
, 2
+ ||A(AP” - AP)|]
- {{AP) + Z(ATsz.\.P _ato )T(AP’ _ AP)
mc
, 2
+ ||a(ap’ - aP)||
_ fap) + ||a(aP’ - aP)[|®
> f{AP)

from which we see that AP minimizes f{AP).




o

2.4 CONSTRAINED AND BOUNDED LEAST
SQUARES SOLUTIONS

Two distinct types of restrictions upon the solution of the weighted least
squares problem may be necessary or desirable. Constraints among the
parameters may be a part of the physical problem, and bounds upon the

magnitude of the corrections may be computationally desirable.

2.4.1 Constraints

An example of a physical constraint among parameters would be precise
knowledge of the relative locations of two nearby radar stations. ¥ If their
aciial locations were among the parameters P in a differential correction,

it would be important to constrain the corrections AP so that the radar
relative locations were preserved. This is accomplished in TRACE by intro-

ducing linear constraints in the form
AP = B AP’ + C {10)

where B is a rectangular matrix and AP’ is a reduced set of independent
parameters; by solving the WLS problem in terms of AP’; and by using

Eq. {10) to obtain the constrained corrections AP, Solving the WLS problem
in terms of AP’ requires the minimization of ||A+ AP - Omcllz subject

to the constraint Eq. {10), or therefore the minimization of HA (B* AP + C)

-0 ||2 = ||(AB)' AP - (O + AC)]|2. The solution of the linear system
mc’ mc

(AB)T(AB)AP' - (AB)T(OmC + AC) (11)

gives the required minimum.
2.4.2 Bounds

Under fairly common conditions, such as inadequacies in the observational

model or a poor initial approximation PO, the observed ”OmCH will fail to

.":Radar station may refer to any point on the surface of the earth associated
with an observation.
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follow the predicted H OfnCH or may even diverge, In the presence of such
manifestations of nonlinearity, it may be necessary, in crder to assure
eventual convergence, to solve the WLS problemn at each iteration with a side

condition bounding the magnitude of the correction vector AF.

If we refer to the reciprocals of the bounds g; collectively as the diagonal

matrix G, the restricted problem becomes that of minimizing HA AP - Omc

subject to the bounding condition |G- aP||% < 1. (£ ||G. aP|?
Ap.
:Z(gpl) < 1, then for each component pr.l| <g..)

3 : 1
1 1

The constraint has, in a two-parameter example, a simple geometrical

description. The constrained problem is to find a minimum, over all AP

within the ellipse defined by g, and g,, of the surface flaP) = ||A- AP - Omc

(See Figure 1.)

AP

Figure 1. Two-PFarameter Coustraint Ellipse
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{An elliptic rather than circular region is used to account for the range of

magnitudes of the various parameters, )

If the unconstrained solution is not within the ellipse ]|G-AP||2 = 1, then we
invent a new function F{AP) = {{AF) + zIIG -APHZ to be minimized., The

minimum point AP’ (z) is found as the solution of

aTa + 2cTg)ap - ATom (12)

C

As z increases, the minimization of F will require smaller and smaller
values AP'(z). (More prenisely, it will be shown that ||G: AP’ {z)|| is a
decreasing function of z.) 1in particular we can find, by a search and inter-
polation procedure, a value z’' of z such that ||G: AP'(Z’)HZ = 1. But for z’,
the minimization of F = f + 2’ ||G- AP (2" )}|] = f + 2’ is equivalent to mini-
mizing f, since they differ only by the constant z'. Thus we have found the

point AP’(z’) which minimizes f(AP) along the bounding ellipse.

We will also show that f{AP’(z)) is an increasirg function of z. Thus, any
intericr point of the ellipse corresponds to larger values of z and of f, and
therefore the constrained minimum point is on the boundary and is the

Solation AE (= oi (A I ATom for which ||G- AP'(Z')HZ A

The monotonic decrezsing character of ||G- AP|| as a function of z is shown

as follows. (Primes have been dropped throughout these proofs. ) If we

differentiate

(ATA + 2GTG)AP(z) = AT O (13)
mac
with respect to z we obtain
(aTa + zGTG)%(f_\P) + (GTG)AP = 0 (14)

=




or

%(AP) = aTa+ 26T Y gTe)ap (15)

This expression is needed in the equation for -j—ZHG ‘ APHZ, which will be

shown to be negative for all z 2 0, We have

%HG- APjj? Z(APT)(GTG)(diZ- AP)

2apTcTonaTa + 26Te)y Yo Tayap (16)

T -
Since (A A + zGTG) b is positive definite for positive z,

2 jic- apP|?< 0 (17}

whenever (GTG) « AP = 0.

The monotonic increasing character of f{AaP(z)] is similarly established by

shbwing that 3—2— >0, as follows:

af af  d(AP)

dz =~ 3(AP) dz

18

[z(ATAAP - ATOmC)}T[—(ATA + zGTG)_l(GTG)AP}

-2[(ATA + 26TG)AP - ATOmC ) z(GTG)AP}T[(ATA + zGTG)']aGTc;)Ap]

(18)




But since (ATA + ZGTG)AP = ArOm ,

[od

dizf = +ZzAPT(GTG)(ATA + zGTG)'l(GTG)AP (19)
and gi > 0, whenever (GTG)AP + 0.
2.4.3 Solution of the Linear System

The solution of the linear system (ATA + zGTG)é\P = ATO {(ancd the inversion
of the coefficient matrix C = ATa + zGTG) is accomplisherg%y a special
method akin to that known classically as the square root method. (See
Reference 2.) It is a finite (noniterative) method, applicable only to sym-
metric matrices, and is based on the fact that a symmetric matrix can be
decomposed as a product of the form C = LDLT where L. is a lower triangular

matrix with (- 1) as diagonal elements, and D is a diagonal matrix.

In such a representation det (L) = #] and det {D) = det {C). Therefore !
exists {and also has the form of L) and D has no zero elements if C is non-

singular. Therefore two equivalent forms are
(y  wlewhHi-vilewhT -
(2) C—l i (L—I)TD—lL-l

or
(1) scs’ - D

28y sEiE siT ENviere 5 i

Thus we see that the inversion of C and the solution AP’ = (C~

require matrices S and D such that (1°) scs! - p.




A bordering technique is used to find S and D. At the kth stage suppose
that the kth order principal minors of S and D have been found. The (k+ I)St

order minors require the vector W and the scalar b so that

; T .

s, o\ /&, sT  w S N
= (20)

W af\at  o\o h 0 b

< d
where Ck is the kth and ( % )the (k + 1)St order minors of €. It is

d a

easily verified that the required W and b are

W

T =l
SkD Skd

and B = & = WTd {21)




2.5 THE STATISTICS OF ORBIT DETERMINATION

In the process of orbit determination by the method of weighted least squares
{WLS), no assumptions regarding the statistics of the observativnal errors
need be made. In this case, no statistical conclusions can be drawn from
the results, and the justifications of the method are simply that it minimizes

residuals (in the sense of WLS), and that it works in practice,

On the other hand, if two common assumptions are made, namely (a) that the
observational errors ¢, are independent with mean zero and known variance
0-.12, and {b) that the multiplicative weighting factor associated with each
observation is ai_ 1, then the inverse normal matrix is a variance-covariance
matrix {(often abbreviated '"covariance matrix'') of the parameters heing

determined. This matrix depends only on the partial derivatives of the

observations with respect to the parameters, thus permitting statistical analysis

of a tracking network in the absence of actual or simulated observations.
The details are covered in the next few sections, The relation of WLS orbit
determination, as in TRACE, to other criteria {minimum variance and

maximum likelihood) is also discussed.

2.5.1 The Variance-Covariance Matrix

We assume that the vector of measured observations Om is the true value

C _(P,) plus a random error e. Our linear approximation to OC(P) is
OC(P') = OC(PH) + A AP (22)
and the residual vector is

O -0 -O(Pj=A AP, +¢ (23)
mec m C O t




where

OC(PO) = the vector of computed quantities
Po = an estimate of the true parameter vector Pt
AP =P - P
t
t o} 50
A = the matrix oi partial derivatives

L]
2P
o

3 the vector of chservational errors

with Ef(e) = 0 and E(e eT) = Z, a matrix representing the variances and

covariances of the observational errors. The WLS problem is the minimi-

zation of f{AP) = ||O - A- AP;:Z, wherein each component of O and
mc mc

A+ AP has been multiplied by a prescribed weighting factor. The solution,
T 1, T

as noted before, is AP’ = { yYCATO
mcac

If we call the individual weights Wi and collect them in a diagonal matrix
Wllz, then the above formulas, with the weighting matrix now explicitly

displayed, become

/2 1/2

fapP) = [[w!'%0 - wl/2a.ap||? (24)

mc

and

T

AP’ = (aTway 1aTwo (25)
mc

First, we show that AP’ is an unbiased estimate of the true value APt. {By
this we mean that although AP’ is a random quantity since it depends upon

the residuals, and thus upon the observational errors, the expected value of

= =




AP’ is the true value APt.)

aP’ = (aTway 'aTwo
mc

(ATway taTwia- AP, + <)

AP, + (aTwa)y 'aTw,

It

T T

wa)y 1aTwe = ap, (26)

E(AP') APt + E[(A

by the linearity of E(-) and on the assumption that E(¢) = 0.

The vector 6P’ = AP’ - APt would be the deviation, due to random errors,
of the solution AP’ from the true value APt; it has been shown to have the

expected value zero.

What is now the expected value of the square of the deviations or of the product
of two components thereof? The answers are summarized in E(6P’ 6P’ T),
which is by definition the estimated covariance matrix C{P’) of the

parameter Sy

T 1

E{sP P 7} = E[(ATWA)‘ AT‘rV(E ¢ T)WA(ATWA)“I] , (27)

in which we used the symmetry of the matrices W and ATWA, or

c(p) = (aTway 'aTw = waaTway! (28)

This is the general form of the covariance matrix for a WLS estimate of the

parameters. If, however, I is diagonal, as per the first assumption, making




it possible to choose W = Zml, as per the second assumption, to be the

diagonal weighting matrix, then the very great simplification

o) = (ATway !l = (aT 5 1ay7! (29)

is the result. This is the basic covariance matrix calculated in TRACE.

2.5, 2 Minimum Variance and Maximum Likelihood Estimates

In most instances of orbit determination f{rom observations, the method of
weighted least squares {WLS) requires no statistical justification; indeed
there is none. Its aim is simply to produce {its and predictions of acceptable
quality. In other applications, such as systems analysis and design, statis-
tical conclusions are sought. These are commonly based o1 minimum
variance (MV} or maximum likelihood (ML} estimations. (MYV is also called
"Markov, '} The purpose of this section is to describe in general terms the
assumptions governing MV and ML technigues and to relate them to the

basically WLS method in TRACE,

The MV, or Markov, estimate of AP is that linear unbiased estimate that
minimizes the diagonal terms {(the variances} of the variance-covariance

matrix of parameters P. (Sce Reference 3.} The formulas are

T -1 -1
= :
AP, = A" Z77A) A

Ts-lg (30)
mcao

and

ol _(aTx1ay! : (31)

Pav!

When Z-l is diagonal and is used as the weighting matrix W, the WLS

estimate and covariance matrix in TRACE is also MV or Markov.




Nothing so far has been assumed about the actual form of the distribution of
the random errors. If a specific probability density function is assumed,
then it is possible to seek the estimate that maximizes the probability or
likelihood of the resulting residuals. In the case of a joint normal (or
gaussian) distribution of observational errors with covariance matrix Z,

the maximum likelihood (ML) estimate reduces to MV. (In practice, as
Magness and McGuire note in Reference 4, the gaussian assumption is always
made. Reference 4 also contains an excellent comparison of LS and MV

estimation., )

In summary, for uncorrelated observational errors, the WLS estimate in
TRACE is also MV; if the errors are further assumed to be normally distri-

buted, the estimate 1s also ML,

2.5.3 (Q-Parameters

Observations are functions of many parameters, including six orbital
parameters, differential equation parameters such as drag and spherical
harmonic coefficients, radar station locations, and observational biases. In
principle, all such parameters can be estimated, given sufficient observations,
and the covariance matrix reports the accuracy with which they have been or
could Le determined. In practice, however, only a selected set of these are
estimated. There arises then, both in actual orbit determination and in
systems analysis, the question of the effect on (a) the parameters P being
estimated, or (b) the trajectory itself, of errors or uncertainties in the
remaining parameters O. The treatment here follows that of Magness and

McGuire in Reference 5,

In TRACE, the computation of Q-parameter effects is restricted to the error
analysis link FEIGN, in which P-parameter and trajectory covariance matrices,
with and without Q-parameter uncertainties, are computed and printed. The
transformation from orbital (initial condition) parameters to trajectory

coordinates is covered in Section 2. 5. 4,




Now the true obserwvation vector OC(Pt, Qt) is a function of true but unknown

values of both P and © and the measured vector is
O, = OC(Pt,Qt) + e : (32)

The vector of residuals, in the "measured-minus-computed” sense, is

O

mc

51

O -0 (P,Q)
m SR o]

it

Oc(Pt’Qt) +e - OC(PO,QO) . {33)

As in Section 2. 5.1, we assume a model for the true observations OC(Pt, Qt)'

which is linear in a correction AP_ to an approximate value PO
Oc(pt’ot) = OC(PO,Qt) + ApAPt . (34)

But now in forming the "computed' quantities we are uncertain as to ‘he true
value of the Q parameters and must use an approximate value Qo in the

calculatious. Thus OC(PO,QO) is related to OC(PO,Qt) by
O(P,, Q) =0P Q) - A AQ . (35)

Collecting these results we have the following representation of the residual

vector O
mec

O = A AP _+ A AQ T : (36)
mc P t q t

{This equation could have been presented more briefly; the longer presentation

is used to make clear the sources of the terms in the residual vector.)




Summarizing the notation above, Om and Oc: are the measured and computed

observations,
PO and O0 = estimates of the true parameter values Pt and Qt
APt = Pt - PO and AQt = Qt - QO
BOC BOC
Ap and Aq = the matrices 55, and 50 ' Tespectively, and
¢ = the vector of observational errors with covariance
matrix E{e ¢1) = 2.
The WLS problem is still that of minimizing f(AP) = ||w”2(omc - A aP)||?

and the solution as before, is,

T

AP” = AP’ = (A WA )_IATWO (37)
p p/ p “mc

However, the covariance matrix, as would be expected, is affected by the

O-parameter uncertainties, Thus

T

AP" = (A WA )‘IATW(A AP + A AQ +¢)
p pl Tp pt gt

or

6P” = AP" - AP, = (A

i)

Twa )'1ATW(A AQ. + ) (38)
p P/ ‘p a t

It is seen immediately that if E(AQt) = 0 {meaning that unbiased estimates
Qo of the Q parameters are being used) and E(¢) = 0, then E(6P”) = 0 and
AP” is an unbiased estimate of AP, The covariance matrix,C(P") =

E(oP” 6P” T), is, by forming the indicated product, choosing W = 2-1

(requiring uncorrelated observational errors) and taking the expected value,

By - (ATWA )-1 " (ATWA )'IATWA c)aTwa (ATWA )‘1 (39)




where C(Q) = E(AQtAQtT) is the covariance matrix of the Q parameters,

From the formula, we see that the uncertainty in the estimate P” = P+ AP7,
as represented by the covariance matrix C{P"), is in two parts, The first
term is C{P’) = (AgWA )-l, the covariance matrix {(or uncertainty) in the
estimate P” resulting from random noise in the observations. The second
term contains the additional uncertainties in the estimate of the P parameters

for having used uncertain values of the Q parameters in the process.

Obviously C{P”) reduces to C(P’) for C(Q) = 0.

The effect upon the estimate P” = L AP” of an error (as opposed to an
uncertainty) in a Q parameter can also be predicted. The estimate P”(QO)

of P using the value O, is

P’(Q )=P +aP’(Q)=P +(AT i
o o o o P

WA )’IA WO__ (Q ) (40)
p P mc' o
and similarly, using an '"erroneous' or alternate value Ql

P +(ATWA )’IATwo (Q
(5] p p p mc

P"(Ql):PO+AP”(Q1) 1)

T
P

P +{aTwa V'aTwlo (o )+—80mc(0 Q
o ( p) p mc' o BQO 1 0)
(41)

Then the difference in the estimates is

" #" _ T -1 mc
P"(Q) - P(Q) = [(APWAP) Alw }(ol - Q) (42)




[

20
S; : . - ) ] c
ince Oc enters negatively into Omc(omc Om OC) and since ETol Aq,
we have ©
P”(Q.) - P"(Q ) = -(ATWA )_IATWA ](Q Q) (43)
! o P P p qf ! o '

The content of the square brackets is evidently the matrix of partial derivatives
apﬂ

Ta .
o

Now C{P”) can be rewritten as

ar Il T
C(P”) = C(P') + (gg )C(Q)(gg ) (44)
(4] O

2.5, 4 Parameter Transformations

The covariance matrices C(P’) or C(P” ) would normally include, roughly
speaking, the uncertainties in the orbital parameters due to observatinnal
errors and Q-parameter uncertainties, The orbital parameters might be
spherical coordinates at time tos for example. Quite evidently their un-
certainties are not very descriptive of the resulting trajectory, peried,
observational, or other related uncertainties; hence the need for transforming
the basic covariance matrices to other coordinate systems and reference
times, A common requiremment, for example, is the covariance matrix of
satellite position and velocity at timme t, resolved into radial.in-track and

cross-track components.

Suppose that a set of parameters X(t), intentionally suggesting
X=(x, v, z, X, ¥, i)T at time t = tor is related to our P and O parameters,

and that

e

_ aX ax
6X-§-P—06P +a—Q—0 &0 (45)

RS}
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This relation gives the first-order effect upon X(PO, QO, t) of variations
6P and 6Q from the nominal values PO and QO. I{ PO is an unhiased estimate
P” of the true vector P, so that E(6P"” ) = 0, then the uncertainty in X(t), due

to random errors and Q-parameter uncertainties, can be written

_ 9X # ax
6X = o5 6P" + 20 - e
89X (1 Tya \-1,T , aX
- . ATW(A
a7 (%5 VAP) p(AgBR e} + 5 AR
O o]
9X 9P” | aX 98X (, T -1,T
= (|- 22 (A~wW
( aP_ 2Q_ ! aQO)E’Q ! aPO(Ap Ap) A, We - (46)

Since we are assuming that Efe) = E{6Q) = 0 (the latter mecaning that Qo is an
unbiased estimate of Q), and that ¢ and 8Q are uncorrelated randem variables,

we see that E(8X) = 0 and that the covariance matrix C{X{t)) is E{6X GXT) or

T ! 7 H T
_ (38X 08X 9X X 3P’ 9X 98X P
CUX{t) = (aPO)C(P )(apo) ] (aQO LN aQO)C(Q)(aQO LN aQO)

{47)

This is the general formula for transforming P- and Q-paramecter covariance
matrices into the covariance matrix for any set of related parameters. Using

o = ol . .
the suggested interpretation X = (x, v, 2, X, vy, 2)", the partial derivates
29X
0P,
as PO and OO represent trajectory parameters), or are computed from

and % are either just the solutions of the variational equations {insofar
o

geometrical relations (in the case of observational parameters). For other

sets of parameters at time t, such as the spherical coordinates R(t) =

. . R R
{a, &, B, A, r, V)T, the partial derivative matrices aap and aaQ can be
9R _ 3R 3X o o

BPO = 5% apo {and similarly for 8QO), wherein

computed as




—

w

R . : .
%}f is computed simply from the equations, such as v = (xZ +- yZ
which relate the spherical and cartesian coordinates at any time,

the covariance matrix is most easily obtained from GC{X(t)} by

R = (3% )Jexan(3y )T
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In practice,

(48)




SECTION 3

EQUATIONS AND METHODS

3.1 COORDINATE SYSTEMS

There are two coordinate systems employed in TRACE, The earth-centered
inertial system, known as the "mean equator and equinox of date,'' is basic to
all the computatioas, and position and velocity in this system may be expressed
in one of three types of coordinates (paragraph 3. 1. 1), A station-dependent
system has also been introduced to facilitate computations involving radar

observations and data scudies {paragraph 3. 1. 2).

3.1.1 Earth-Centered Inertial System

The basic coordinate system is as follows:

Figure 2. Earth-Centered Coordinate System

where

0 is the center of the earth

X is a vector from O in the equatorial plane directed to the
vernal equinox at tg, 0 hour GMT of launch date

Y is a vector from O perpendicular to X in such a direction that
(X,Y,Z)is a right-handed system

Z is a vector from 0 perpendicular to the equatorial plane and

3 directed north.




The position and velocity of a body at a point P may be exprescsed in rectangular
or spherical coordinates, or in terms of the classical (elliptic) elements of its

orbit, as shown in the following three paragraphs, respectively.

o o s Rectangular Coordinates

P=Pi{x, v, z, %X, vy, z) where x, y, 2z are the components of position of the
body in the X, Y, Z directions, respectively, and %, v, z are the components

of its velocity in these dirvections.

3, lle Ul 2 Spherical Coordinates

F=P(a, 5 B, A, 7, v)

N
g \
v rd.
\a
\I
V: g _—-"
o\~
-
p
5

Figure 3. Spherical Coordinates
where

V = a vector equal in magnitude and direction to the velocity of
the vehicle at P

a = right ascension measured from the X-axis, positive eas.ward

fa)
1

= geocentric latitude

f = angle between V and the geocentric vertical at P
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A = azimuth of V from true north measured on a plane normal to
the geocentric vertical

r = magnitude of OP

v = magnitude of V,

3.1.1.3 Orbital Elements

P=Pla, e, i, 2, w T)

ORBIT PLANE

PERIFOCUS DIRECTION

EQUATORIAL PLANE

X,
VERNAL EQUINOX

PERIFOCUS
DIRECTION

Figure 4. Orbital Elements

In Figure 4, P is the point on the osculating cunic, which is described by
a, e, i, Q, and w. The position of P on this conic is determined by v and a

value for the current time.




a = semi-major axis

.. [ 2 2 . A !
e = eccentricity = ¥a~ - b /a (b = semi-minor axis)
i = inclination of the orbit plane

12 = right ascension of the ascending node

w = angle between the direction of perigee and the line of nodes

= time in minutes from t_of last perigee passage.

Rl

3.1.2 Station-Dependent System

EQUATORIAL PLANE

Figure 5. Statien Coordinate System

where:
S = the location of the station at some time t
a=f+a +w{t-t)
g e g
! = the geographic longitude of the station
S the right ascension of Greenwich at time tq
w = the rate of rotation of the earth

Wl' WZ = the axes X and Y, rotated through the angle a.
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3.2 INITIAL CONDITIONS

The parameters of the orbit may be input in any of the coordinates described
in paragraph 3. 1. 1. The trajectory computations reguire earth-centered
inertial coordinates; the output includes spherical coordinates and elements.
The formulae for the necessary transformations follow. The date chosen to
determine the X-axis is tg' zero hour GMT of launch date; the time t, at

which the parameters are specified is with reference to this date,

30 &, Il Spherical to Rectangular

r cos & cos o

y = r cos 6 sin o

z =r sin §

% =v [cos o {- cos A sin B sin & + cos B cos §) - sin A sin B sin o)
v = v [sin o (-cos A sin B sin § + cos B cos &} + sin A sin B cos o
z=v Lcos A cos ¢ sin B + cos B sin 6§

If longitude (£) is input instead of a, a is computed as in paragraph 3. 1. 2,

In this caset -t = to'

3.8, 2 Rectangular to Spherical

v o= tan-l(y/x)
5 = tan” ! (z/ \f x2 v yz)

B = cos-l [{xx+yy + 22)/rv]

T S -

ylyz - zy} - x{zx - x2)

r:\l>{2+yz+zZ

v=VNx2yly sl
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3,2.3

where !

Flements to Rectangular

X

Y

.
11

xUJPX ty UJQX

x P +v D
Wy Wy

xU.‘PZ * y(.'JQZ

x P -y O, etc.
m X 9 X

cos P cos o - sin § sin w cos i
sin () cos o + cos () sin w:cos 1

sin w sin 1

-cos Osin w - sin §. cos v cos i

-sin " sin w» + cos C cos wcos 1

cos 0 sin i
2 .
a(l-e7), (semi-latus rectum}

gravitational constant

\“u,/a3| = mean motion

n(t - 7 = mean anomaly

solution of (M = E - e sin E} = eccentric anomaly

a(l - e cos E)

a{cos E - e)
v I apl sin E
= rﬂ sin E

4]

_Jrup_ cos E

W
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(These formulae are for the ellipse; if the conic is a hyperbola (e > 1), E is
the solution of M = e sinh E - E; and sin E and cos E above are replaced
by sinh E and cosh E. )

3.2.4 Rectangular to Elements

-1
. (2 Vz)
a = = ——

T

e = \,(e COS E)Z + {e sin E)2

= \((e cosh E)z - {e sinh E)z for hyperbolic orbits
s
1 ‘IP 0
i=tan z “
PO -PO
x Yy yox
_1 P Qz - PZO
G = tan Y




where:

2 .2 . 2
v =X +y +z
T
ecosE:l-E e cosh E =
for the hyperbola
esinE:w e sinh E =

e
2

2 . g g
rvo - (xx + yy + z2)
n

XX + yV F zZZ
D = Y3

€l
D_ecosE
T er
H=—Ll — {r-p)
e,,up
] - 1 xx+yry+zz
e‘fu.p
P_:f)x-Dx
N

U
I
o-
<
@)
ez,

T
1
o-
N

1
o
S

Q = Hx - Hx, etc.




- N
“-\/—3
a

M=FE - e sin E or e sinh E - E

tan-i e sin E
e cos K
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3.3 RADAR DATA

All radar observation input is converted to the basic set: R, A, E, f{, f’,

Q, P, Q. This section contains the formulae for these conversions. Input
is generally in feet, degrees, and seconds, while internal units are earth-
rad.i, radians, and minutes. The details of units conversion have been

omitted.

First, however, Figures 6 through 9 depict most of the radar quantities in

Sections 3. 3 and 3. 4.

W, =2
NORTH
up ]
by
s /
w
w3

Figure 6. Kadar Station Coordinates




THE TANGENT PLANE AT W©
CONTAINS NORTH, EAST AND Q,

ue

w,
Figure 7. Azimuth and Elevation in Station Coordinate System

W is position of the vehicle
w® is position of the station
Qp is the projection of Q@ = W - w* onto the tangent plane at w®

R = |af




HERE £ ,m,{ ARE PARALLEL TO W W, W, RESPECTIVELY
C,p!S PROJECTION OF @ ONTO &, m PLANE
D=TOPOCENTRIC OECLINATION

HA: TOPOCENTRIC HOUR ANGLE

Figure 8. Hour Angle and Declination in Station
Coordinate System




S,

Figure 9. Station Network for Interferometer Data

Here S, Sp’ and SQ are a network of stations that report range and range

rate differences. Let

R = lw-sl,Rp:|w-sp],RO= [w-so|

Then
P=R - Rp
Q=R - RQ
P=K - RP
Q=R - RQ
Do B 1 Hour Angle, Declination (HA, D) to A, E
B (sin fi'* sin D + cos @* cos D cos HA)
s tan-l ( . sin HA <::kos D )
cos & sin D - sin & cos HA cos D
where @ = geodetic latitude of the station.




3.3.2 Right Ascension, Declination (RA, D) to A, E

FHA = a - RA; compute a as in paragraph 3. 1.2, and then apply paragraph 3.3, 1,

3,3.3 Af, At, to R, R

R kl Af  where kl is input

R = kZ At where k, is input

3.3.4 L, M, Nto A, E

N = L3

where
Cyp = cos i, ¢ p = -sin b, cyy = 8in ¥
¥ = rotation angle (input)

and apply paragraph 3.3.4




—

-

3.4

PARTIAL DERIVATIVES OF RADAR DATA

In tracking and data studies, it is necessary to compute partial derivatives of

radar data with respect to parameters of the initial conditions, differential

equations, station locations, and observations. For the purposes of this

section, it will be assumed that the (integrated) position of the vehicle is

known, in earth-centered inertial rectangular cocrdinates, as are the partial

derivotives of these coordinates with respect to the first two types of

parameters,

3.4.1

Notation

piy 1= 1: 21 )
°x 3y 2z
EE Sy
L

5

h

o

] 5
Wi W3
[
a
c
b = ae(l—e)

the ordered list of initial condition and
differential equation parameters for

which partials are to be computed

the partial derivatives of x, vy, ..., %

with respect to the p;
longitude of the station
geodetic latitude of the station
height of the station
crg+ui3(t-tg)+ 4Z, as in

position and velocity of the vehicle in

the station-dependent W-system

position of the station in the above system
ellipticity of the reference ellipsoid
semi-major axis of the earth

semi-minor axis of the carth.




3.4.2 Position and Velocity in the W-system, and Associated

Preliminary Computations

wlzxcosori-ysincv
wzz-xsina+ycos~
W = Z

3

\?vl = (% t wey) cos o + (y - u;ex) sin ¢
Wy = -(x + u:ey) sin o + (y - u:ex) cos o
W, = &
To transform the partial derivatives of the Earth-Centered Inertial (ECI)

rectangular coordinates to the station-dependent system, the following

quantities are necessary.

Differentiation of the above six equations shows that a simple substitution of

dw, AW, .
—— for w., ] forw., j =1, 2. 3, and—ai{-,-_al, ,—ai
3p. ) op; J 5p; ' 9Py 3p;
for x, y, ..., z yields
oW -
——1=i)-{— cos o + - sin
3p 3P, ap.
i 1
Bw -
—2 = e sin e +—al cos &, etc.
3p. 3p. 3Ap.
i i i
- L . . da :
Differentiating with respect to ¢, since =1, gives:

!

awl

= -xsino +tycos~v=w

T 2
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To find the station position in

where

aw

-
32

-X cos o - y sin & = =Wy

a\'vl

31

Bv'vz
EY)

the W-system, we use:

s %
w) = (aeAS + h) cos &
s o
Wa = (beBs + h) sin &
2 % bz 2 o] /2
Asz(cos § +—2 sin” % )
e
2
a
2o Ee—
B = (sin_ & == u::c:s2 @) 1/2
s bZ
e

(1),

pproximate formulas; correct only for a spherical earth.




BWT

= Ccos f1>*
3h
3w> 3
—3 = sin ¢
Ah

At this point it is convenient to introduce three intermediate vectors Q, U,

and V, and the quantity Rl‘

Q=W - W® vehicle position relative to the station.

- [z 2. .2
R=1Q| = qay +9; +q;

U = Q/R, a unit vector in the direction of O

Lll = ql/R
u, = qZIR
uy = q3/R

V is the vector U referred to the East-North-Up system

v =u

I 2

vy = -l sin & + uy cos &

-18
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5 N

Then,

e

cos % +u3 sin &

ey =)
e TR
R1=VR

v, = sin E

v = cos E

v
-EzcosA
vV

Y1

Y

= sin A

oA

To compute the 5t and %% we will need v, ard to this end we compute

then

3.4.3

. 1 . o 1 o .
U=§EW-URJ—.§[W-(U-W)U’I

vy =
vy = -uy sin & +u3 cos &
o i1 tvaYe

VoS e

v

Range Partials

. I 2 2 2 .
Differentiating R = 9 +4q, t4q; results in:
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aer
2R w. - uw
ar ~ 172 271
g—;{ = -u, cos 5 -u, sin @;,:
R/
aRbias
AR _ o W
ST=R=(U-W)
3.4.4 Azimuth Partials

Differentiating A = tan"! (vl/vz);

P-

Aw dw 3w

3A 1 2 1 ) bl 3 s

S = cos A - | - sin & + cos § in A
a i R]. apl ( p p ) Fin

A ] £ i
_B_ = 51;{1 4 (wl cos & + w, sin @ )
fak ] 1

A

-w. cos A + w_ sin 3 sin A

3aa_ 1 2

Y R
1

3A

E

2A -1

BAbias
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L .
EI— T =

3.4,5 Elevation Partials

Differentiating E = sin‘l v, = cos v,

Aw 3w N
3E 1 1 H 3 . #=  aR |
api = R1 ( 3Pi cos ¢ + E-—-pi sin & - B—_pi sin E)

e 14
aE::: = 'Rl_" (W3 cos & - Wl sin @’ - a:R;P
ad 1 3%
g_?_.zﬁ—l (wzcos @w—%l;i sin E )
ok -1 R .
gh—le (1+-§FSIHE)
22,
aEb'1a.s

3E 1111 cos @% + 1'13 sin @:;
At cos E

3.4.6 Range Rate Partials

Differentiating R=(U.- W),
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37 = (waty - w o)+ (Wouy - Wwyuy)

3R *
—B-F-—ulcos@ u3sm@

L o 0 /-u.eicsinoz{-uwe';rcoscr
I = s [ [ LX = —u:e}'c cos o - we')'rsina'
Db 0o 0
0
3 l1/2
lX' = ( E w.2
i=} !
3.4.7 P, Q, P, Q, Partials

These partial derivatives are obtained by differencing the R, R partials using

the appropriate station locations.
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.4. 8 A E Partials

; 3w L aw s OW m
oA .1 ) os A 2 b A[—L sin e - 3 cos & }|+ sin A -
3p; Rv 3P, op; 3p;

W A W 3w
. e 3 # - g
( 1 s51n & = cos & ) - A Tp:%] = (R.V 4F RV‘") % }

Bpi api . :

[ S —

: 3w . OW o : !
3E 1 3 . * oR . . aR !
api R’ [ aP-l cos ¥ + 5 : sin % _Bpi sin E - E g-p—l cos E
(kv ¢ Ry 2E |
BpiJ




3.5 DATA GENERATION CALCULATIONS

The formulae used to compute data for data generation are a subset of those

used in Sections 3.1 and 3.4 with three exceptions.

3.5.1 Rise-Set Prediction
. -1 Rcos E \
r'R-chos(—-E - sin —_  m =0
- —_ 2 m T }
where
r = vehicle position vector
R = station position vector
1] = elevation
Em = input minimuwnr elevation or input maxinium elevation

{whichever is applicable).

This equality holds when the elevation E = Em in a two-body model. The

equation is positive when E > Em and negative when E < Em. Preliminary
values of ~ise-set times are generated by converting the above equation to
a function of eccentric anomaly, 8, stepping from 90 to 90 + 2w, and noting

the times of the appropriate sign changes.

The equations in paragraph 3.5, 2 are used to compute the actual rise-set

times from the integrated trajectory.

3.5.2 Rise and Set Times

t (rise or set) = tt At

Vg - sin (Em)
bt = - = 3
0, cos & + u, sin 3
t = current time
n
v

and L'li are defined in 3. 4. 2.
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3.5.3 Observations with Normally Distributed Random Noise

o=0 +r o 15 the noisy observation (of type j from staticn s)
o, is the nominal computed observaticn

r is the noise added.
r =ng .+ 8 . csj is the appropriate sigma for type j, station s
st is the appropriate bias (if any)

n is a random element {from a set of nurnbers

with mean zero and unity standard deviation.
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3.6 TRAJECTORY

The position and velocity components, X = {(x,y,z) and 5% = (xy, z), of the
vehicle and their partial derivatives, Xpi and XP"L {(i=1, . . ., n), with
respect to the trajectory {(initial condition and differential equation) param-
eters are functions of time defined by their differential equations and
appropriate initial conditions {paragraphs 3. 6.1 and 3. 6. 2). The equations
are integrated numerically (paragraph 3. 6. 3}, and at each obser-ation or
print time all the gquantities, X, X, Xpi, and Xpi (i=1,. . ., n), are
obtained by interpolation {(paragraph 3. 6. 4) in the integrated results; from
these the computed radar observations and partial derivatives (Sections

3.3 and 3. 4) and the trajectory output (paragraph 3. 6.5) are computed.

3.6.1 Differential Equations

The equations of motion of the vehicle are

R (50)
r
where |1 is the gravitational constant (GM} of the earth, r = lX[ =
2
(.\'2 + yz 1 22}1/". and F = Fl + F_, + F, is the perturbative acceleration

2 3

dae to asphericity of the earth, extra-terrestrial gravitational forces, and
atmospheric drag, respectively. The initial conditions X(to) and X(to), .
if not given directly, are computed from the initial spherical coordinates

or elliptic elements. See Section 3. 2 for these formulae,

The perturbative acceleration F[ due to the asphericity of the earth is derir-ad

from the assumed potential function.

5 4 0 4 n 4\
Sy 2 : “e : 2 : z : e} pmy )
1§) = 1 - .In(r)Pn(sm o) + Jnm(r) Pn(sm o) cos mi{n )\nm)
n=2 n=2m=1

(51)
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where

W is the product GM of the Newtonian gravitational constant

and the mass of the earth

r, ¢, A are the geocentric distance, geocentric latitude and (east)

longitude of a point

a, is the mean equatorial radius of the earth
J_.J are numerical coefficients
n'nm
Pn is the Legendre polynomial of the first kind of degree n
P;n is the Legendre associated function of the first kind
A are longitudes associated with the J
nrm n

In the local horizontal coordinate system, in which the coordinate axes are
directed Up (along the radius vector), East, and North, the force components

are

5 a \"
-2 l1-2 m+nI_ (=) P (sing)
rZ n r n

4 n ae n —
+ ¥ Z (n%l)Jnm(?) Pn {(sin @) Cosm(h-)\nm)

n=2 m=1

ST
gE—rcoscp A

" 4 n ae
"z BT M T) e e U )

n=2 m=1




2
(]

H|—
d'
&

I
8 E ae
:_7[ z Jn (1—) PT_'1 (sin @) cos
r n=2

n
4 n a 1
€ m' . .
- Z » J - P {sin ) cos w cos m (X - A )
nm r n nni
n=2 m=1
The Legendre functions and their derivatives are computed from the recursion

formulas

. _ -(n - 1) Pn_2 {sin ©) + (2n - 1) sin @ Pn—l {sin )
0 (sin o) = =

Pr; (sin @) = sin ¥ pr;—l {sin »} + n Pn—l (sin o)

m . Im .
p {sin ) -(htr--1) M + (2n-1) sin © pn—l in @
n - _ cos © cos ©
cos ¢ n - m
pﬁ: s el m-1
o o =1-3- ... (2m - l}{cos )
: P™ (sin u) P (sin )
p {sin ¢} cos p = (n+l) sin © LI {n-m+1} R
n i h ’ cos @ cos ©
with the initial values
2 ) = B0 Tsfim @) =
PO (sin ©) = Pl {sin D) 1,
Pl (sin ) = sin 9,
I o
pm-l (sin o} .
cos -
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The force vector in the ECI coordinate system is then:

< Cos ¢ cos - sin & -sin @ sin o Ey
By = cos ® sin o cos o -sin 9 &in o Ep (52)
g, sin @ 0 cos o En

where o = cvg + o (t - tg) is the right ascension.

The gravitational attraction of other bodies contributes

. X.
J J
—uz + (53)
(IX x| 3)

X,
= |J|

where mj is the mass, relative to the earth, of the_] body and ‘( is the
vector position of the j 2 body, as obtained from the JPL-STL planetary

coordinate tapes, For a description of these tapes and their preparation see

Reference 6,

Note that the tabular planetary coordinates are with respect to the Mean
Equator and Equinox 1950. 0 coordinate system, whereas TRACE calculations
are referred to 0 hour GMT of start day. The planetary coordinates are

transformed to the coordinate system of TRACE before F_ is calculated,

2
The subroutine is described in Reference 7 which in turn refers to Reference 8.

The effect of atmospheric drag is the term

e - oAl
3°- P2 \"w /A
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where p is the density at height

ae(l-e)

2 2 1/2

above the oblate earth, and where

h=r -

—(:T,D—Ai is the drag coefficient, (or ""ballistic coefficient''),

XA is the vehicle velocity vector relalive to the rotating
atmosphere. That is,

>-':A = ® + LY

\]A = V- e

iA = z, and

V, = DI

The atmospheric density is computed from an atmosphere model (or certain

combinations of models) given by References 9, 10, and 11,

3.6,2 Trajectory Partial Derivatives

The partial derivatives of vehicle position and velocity with respect to
trajectory parameters can be approximated analytically, or can be obtained

by a simultaneous numerical integration of the variational equations.

3.6.2.1 Variational Equations

The variational equation for an initial condition parameter a is

"

5[ 3 uX AF 3F

X = [a—x (?) 4 a—X:IXo'+_‘_’_aX X, (54)
3%

with initial ceonditions Xy(to) = (BT;)tO , Xoa(to) = (B_O'>to'
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For a differential equation parameter 8.
v |12 f{ uX AF o) 3F

with Xa(to) = XB(tO) = 0.

X . _aXx

Here X = Sl
a

T . XB' Xﬂ and =— are all 3-vectors. The contents

op

of the square brackets and Q—; are 3 x 3 matrices. The system is solved

for each parameter, and all the numer:cal integrations are carried out

simultaneously.

In the above equations the principal contributions to g—; stem from the
oblateness coefficient JZ and from the dependence of the drag force upon

the position of the vehicle. (The latter is important for low-altitude satellites. )
lesser sources are the other-body gravitatioial forces and the higher order

oblateness terms; they are ignored in the calculation of %'}f .

The matrix in square brackets is calculated as the sum V + T where V

derives from the gravitational force including the J, oblateness term, and

2
T from the drag force. The spherical earth contribution is easily derived:
T
) uX \ -3 3X -4 ., 3r 5 -1 ), 9.4
ax— (--;3——)—-1_], (I’ —5?-31' XE"X—)—?)]J. (—_)r1+ 5 ) (56)
3r T

3r XT

since Fy S The oblateness component is not so simply obtained. It

is, of course, derived from the contribution of the J, term to the perturba-

tive acceleration Fl,which is in turn the gradient of the potential U. The
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calculation is tedious and only the final matrix V is given here.

2, 2 2.
PXX-Q+J2aC(X 5-U) ny+ Xy Jzaeb
_ 3 2 2, 2
V = 3y ny+xy JzaeS Pyy—Qi-Jzae(y 5-U)
. 2 ; 2
szTXZJZaeT Pyz+yAJ2aeT
V-
wheres J_ is the principal oblateness coefficient,
pos SO
oor 3r
Z
5o =12y
2r r
2
5 Tz
de e (G
2r T
2
1 5z
Us=s——¢ (1 - ;
2r5 r2

P txz J.a’T
XZ 2 e

E

” {57)

2
Ltyz JzaeT

P

-03+J_a“(z°T-3U)
ZZ

2, 2
2 e

The T matrix, which shows the dependence of the drag force upon the vehicle

position, is derived as follows

p.- oo BRS¢
) -T2 W EpA ATA

Y it T, 08 e o A
TZ\ATW ATA 3N T P4A X
The derivatives of p, VA and XA arc
3o _3p 3h
(@) 5% "3 3X
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sh _ (2h b 3h
X~ \3x’ 3y’ Bz

. {1 a_e(2-3¢+e’) 2° \
X r [rZ_(ze_SZ)(x2+y2)]3/2 z
3h_y (‘1_ ae€(2-3€+€2)22

WO [ e-e Oty h
R {1 . aee(2-39-+e2)(x2+y2)

3% (22 - Ze-ed)layD)1 2

and %’E” the rate of changes of density with altitude, depends upon the model

atmosphere, its parameters,and h.

An approximation to -?rﬁ in the form

3

o

A

may be used by specifying a value for p' in each of the intervals

0 £h <108 nmiand 1085 h <378 nmi. Alternatively (as in Reference 12},
-g—ﬁ may be calculated from density expressions, for 76 € h < 108 n» mi

4/3

L T R ]
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and for 108 € h < 378 n mi,

3

1 +0.19 [exp(0.0102h) - 1.9] (1 g cosw') I

= p_(h) (0.85F ——

Pa 10, 7)

where log, g p_ (h) =d, - 0. 00368 h + 6.363 exp[ - 0,0048h].
Differentiating each of these expressions with respect to h, one obtains

8p1 -dlp d

3
-12/76% 1] 1 1l + cosW¥ 184 - 2h
on - - o006 %10 (‘E‘) R ) 2895 )J
d 1/3 '3
~12 77671 h - 76 1 /1 + cos¥\°(532 - Th

+5.606 x 1074 () 1 (0.897 5 5 (257) [ﬁ -2) Criees )J
and
8p I

2 0.00368 + 0.0305424 exp[ -0.0048 h]J

5 " P 04342944819 + (0.85)F, 5 4 X

expl2.302585 (d, - 0.00368h + 6.363 exp{ -0.0048n])] X

0.3
[o_ 0N1938 (‘_Jf;ﬂ) exp[0.0102n]

*Va 3

. 2 . 2 .29 1/2
(b) =% 3% [(x+wey) +{y-u:ex) + 277 /

V__ (_‘)}A, )::An 0)'

A
) 0 Wy 0
(c) °Xa = - 0 0
Y Ye
0 0 0

3-34




Combining thesec results, the elements Ti' of the T matrix are

C.A -
_ D . &0 3h PO, XY A
Tyv= - 7w (VA"Aﬁ;a—x‘*“%;-"
C_.A . 2
D do0 3h | "Ye™A
Tyo=-2w (VAXA 3h 3y 7 LAFCA
1, -- 2% [y, i, 202
13° ~ 7w ATA I 32
C_A pw Yy
— D T ap ah e A
o1z 7w (Vala 3n 5 "7V, 'QVA“’e)
S S VT O
22 - T TZw AYA 3h 3y V.

ATA Bh Bx v

ap ah P"eYA %A
31 Z v

32 ZW

(
S S SR P18
237 " Zw | 'AYA 3 3z

C_A ;
T :-—--I?—(Vi EQE)

33 2 A"A dh a9z
The matrix — is simply
I
oF, 1 CDA XAXA
= =-70VA W 5 +11. (59)
X T




3.6.2.2 Variational Equation Initial Conditions

The initial conditions, Xu(to) and Xa(to), are given here for three types of
parameters,

For parameters in rectangular coordinates of the initial position and

X I, 3K ¢
(o] 8]
(@5 2X\ |,
\a}'{)t oX ¢
O Q

For the spherical coordinate parameters,

velocity,

H

I, the 3 x 3 identity matrix and

1

e (right ascension)

Ax o% _ _
da” Y Ao Y
3y _ 3y
3¢ * S ¢
3z _ 3z _
i T

£ (decliration)

3% .

—= -T sin § cos o
Y

oy . .
—~ = -r sipn & sin o
38 -
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36 rcos b
-E}-%— -Z COS
36 «

g—gz-z' sin o

55V {cos 8 cos 8 - cos A sin B sin §)

B (flight path angle}

CEL BV 8 B e

ST T

-aa—gz -v [{sin B cos § + cos A cos B sin §) cos @ + sin A cos B sin o
%:—v[(sin&cos 6§ + cos A cos B sin §) sin @ - sin A cos R cos o]
Az . |

E—-:v(cosAcos B cos § - sin B sin §)

A (2zirnuth)

:é——:o

%
dA

cvloz
sl %
s

SA v{sin A sin 6 cos @ -~ cos A sin ~) sin B

v(sin A sin 6 sin o + cos A cos o) sin B
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%% - -v{sin A cos & sin 8)

r {(magnitude of radial vector)

3% _ X
?r T
o _y
ar r
3z _ z
Ir " r
2% _3y 3% _,
3r ~ ar  Ar

v v AV
% %
v ~ Vv
_Y
Iv v
3z _ 2
v v

The equations for the partial derivatives of position and velocity components,
with respect to elliptic elements, are used to compute initial conditions at

time ty of the variational equations for the parameters of this type. They

3-38




Y

may also be used to estimate analytically the trajectory partial derivatives.

These equations are as follows,

a (semi-major axis)

1 IM o
Xy =3 X -5 X)
. -1 . 3IM 3 Yo uX
XgzgX-5p X -3 %), X=-=5

e (eccentricity)

2
v 1 ’- YU' . a
X =- y tn{=) x vy P
@ r(l-ez)llz (1_82)172 W r D)
i y 2
1 W a 2
+ x +n{=} x_ O
r(l_ez)uz (1 eZ)lﬁ . T (!_
1 (inclination)
z
X. = W where W = P x
I
i (PZ . QZ)I 2
Z Z
' 73
X, = W
i (PZ . OZ 172
r Z
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0 (longitude of ascending node)

3X _ ox _ .
ﬁ—-y =1
2z _ 3% _

a0 a0 - 0

. {argument of perigee)

>
I

-y P+ X, Q

><.
I

v P+x O
Ty s

T (time of perigee passage)

X_r:—X
; 4 X
e

The variational equation for initizl time is like Eq. (54) with the initial conditions
Xtc(to) = —X(to) and Xto(to) = —X(to).
3.6.2.3 Differential Equation Parameter Non-homogeneous Terms

= . . .
The non-homogeneous terms g_ﬁ for the differential equation parameter
variational equations are:

C_A

W

{(drag coefficient)

D

-1
3F o (CDA}
EiA'?"W/
2
W )
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u {gravitational constant)

oF 1

12 X
m m 3
Ji’ Jik’ )\ik (oblateness parameters)

Denote the perturbative force components in the Up, East, North system
(see paragraph 3.6. 1) as follows:

then
E:'“'_A_l_ ?g_E-o agN_'Uf O (60)
ay. D20 T TR
i r i 1 i r i
agU ey B Kk oS k (\-Kik) , agE - Cik sin k (l-?\ik) e
—_— = =
aJik ro Jik aJik :Z Jil-c
agN - E1k cos k (l—Kik) (62)
aJ'11-: rz Jik




3gy, 2

C-u . _ tu -
s = —3 kB, sink (A3, ), 53— = 5 kG cos k (-1, ) (63)
ik T ik r
3g
N -4 q
5 = 3 KBy sink (- ) (64)
1k T

The component terms are then rotated to the ECI system by the matrix given

in paragraph 5. 6.1,

3.6.3 Integration Methods

For the numerical integration of the Jdifferential equations described in
paragraphs 3.6.1 and 3. 6.2, a choice of methods is offered. They are widely
known as the Adams-Moulton and the Gauss-Jackson methods, and the sub-
routine names are AMRK and DEGE, respectively., Eoth are variable-step.
predictor-corrector methods with automatic local truncation error control
and double-precision accumulation features. Both use the Runge-Kutta

methods to obtain starting values. (See Reference 13.)

The Gauss-Jackson method, utilizing 6th differences, is of higher order and
has proved to be remarkably effective in the integration of most satellite
trajectories, In soime restricted but well-controlled tests, this method,
applied to the equations of motion, produced results that compared favorably
in both speed and accuracy with more sophisticated special perturbation
methods., (See Reference 14.) Because of its procedure for changing the
step size, the subroutine's efficiency will drop and lose accuracy when the
step size changes are extreme, as in highly eccentric orbits or upon entry
into the atmosphere. In these cases the use of AMRK, in which the variable
step is more stably handled, is recommended.

3.6.4 Interpolation

Each time the position and velocity (and their partial derivatives) of a vehicle
are required, the desired quantities X, 5(, X _  and }.(p are obtained by

P.

i i
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interpeolation from the results of the integration. This technique permits an
uninterrupted numerical integration, is comparatively rapid, and, as used
here, is quite accurate, In particular, function values and their first and
second derivatives at the two adjacent integration steps are retained to permit

Sth and Brd degree interpolations for position and velocity, respectively.

The method used is Hermite interpolation (Reference 15).

3.6.5 Trajectory Output

The position and velocity vectors, X and 5(, of the vehicle are the basis of
the trajectory output. From these quantities, obtained by interpolation from
the results of the numerical intergration, are computed the spherical coordi-

nates a, 8, B, A, r, v of the vehicle {see paragraph 3, 2.2) and also

H - z
geodetic latitude, @ = tan 2) Iy

a T

lengitude, ¢ = o - o -~ o {t -t
g p l g)

a (1 -¢)

——3T173
tl el ezm"_’%l_J
r

These resulis are output in feet, degrees, and seconds,

The partial derivatives, Xp_ and Xp_ {i=1, .. ., n), of vehicle position
1 1

and velocity with respect to the n trajectory parameters can also be printed.

Optionally, the elements of the osculating ellipse are output. Incladed are

the elements a, e, i, &, w, T {see paragraph 3. 2.4), and also

T
1 - =
Mean anomaly, M = E - e sin E, where E = :05-1 ( 5 a) {deg)
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.

1/2
True anomaly, f =2 tan”} [(i E z) tan EZ:l {deg)
3] a2 ,’u
. ‘J a3
QIS _mom cos i (deg/day)
372 2
2a P
3 s 2 2 2
e e 5 2. r“v Lin“ a
¢ = =7y > {1 - z sin ‘)  where p = . {deg/day)
a P
Apogee, t a(l + ¢) (n mi)
Perigee, r =a (1l - e) {n mi)
3-13/2
Keplerian Period, P = =- - {min)
K —
'\}U‘
[ gJ7ac23 a : 2
Anomalistic Period, PA = PK Ll ——‘:;%—— (?) (1 - 3 sin_ 8}
{n1in)

where £ = declinz tion

3J ag {1 - 5/4 s'm2 i)
— {izin)

-
Nodal Perind, P, - P, - B ! 7
L I_\/ a 1l + ¢ cos o)

{Formulae fro:m Reference 16. )

3.6.6 Analvtic Trajectory

On option, an analyiic orbit can be obtained instead of an integrated orbit,
The aralytic trajectory consists of a Keplerian orbit with nodal regression

and element decay due to atmospheric drag. The changes in elements are




. th : : -
calculated at perigee on every n  revolution where n is specified These

formulae are taken from Reference 17.

3,6.6.1 First Order Nodal Regression

For one revclution, for small e:

-3m J aZ cos 1
2 e

AD

a?. (- 3412
3 1,a% (4 - 5sin” )
Aw =
Za2 {1 - ez)2
or
S22 1/2
caNs -312‘1& - cos i
At 2a7/2(1 R eZ)Z
3J a2 ullz
3 = =772 sz (255 )
4a (L - e)
3.6.6.2 Flement Decay Due to a Rotating Atmosphere

Define scale height H = -12—5 h + 12 where h is the altitude in nautical miles.

If aL? > 2, the following forrmulae are used:

2
Aaz-Q[l +1'8?ii%r]
8c (1 - e7)
1 -e o, A G
Be=-0(—=)|1-= pz
8c (1 - e7)
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2 .
Aisz(l_e)z %(}+e)+ 1+2f—::+2-e—+93%§ coszu: sin i
- 8c(l-e)

i 9e% 4 be - 15
T

Anw = - ACcos 1
where:
Cph 2 (1 +e)? B L
QS BB e g UR
P (1 -e)
. . Aae
T
Zne 1 - 1/2

le__ﬁ—(l_e)(l+e) cos i

n
e . . . .
= 3 ratio of earth rotation rate to satellite mean motion

density at perigee

o
I
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ac

If == = ¢ = 2 then use:

H

where

3.6.7

Aa = - W [(1 - 2e) I (c) + 2el (c)]

pe = - S (1)} {( 1 = L(c)1}

e = T m = e) l(C) +§ O(C) + Z(C

A o= =K {-é— {IO {c) - Iz(c)] + cos2 u. {Iz(c) - 2e11(c)}} sin 1
AC= - K [Iz(c) L Zell(c)] sin o cos

hu.= - A0 cos 1

C_A
G =2~ D azo f(eﬁc)
m P
CDA n. e
K = 1T = T a Dp\/‘f-. (e )
IO’ Il, I? = imaginary Bessel functions of the first kind.

Initial Condition Derivation (Gaussian Method)

On option, initial conditions may be calculated from two sets of RAE

observaticns. The following procedure is adapted from Re{erence 18.

Let

hl

cartesian vector associated with first RAE observation

cartesian vector associated with second RAE observation

(a8}
n

L
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¥ %,
W ST <X - unit vector perpendicular to plane of
B

observations

X
! ] |
U1 = ‘ Xl \ = unit vector parailel to Xl
Vl = W x U1 = unit vector perpendicular to U1 and W
Compute
[ o= o {v V) L arccos Sl e
Z ol VYD EN
1 2
i \/Zu. (LZ - tl)
=M ' 1/2 3/2
i I'Z(‘Xl'i |X2l) [ g— £171
I !
o m Dt SO
2 IV

! !
24 X1| le} cos f

The following iteration is then used to find g

Set 2(0) = {
Calculate
g3 = sin g(l)
.
- . id)
g4 = COS g
gg = 5in g(i)
g = s'm4 g(L)
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Bg = VE7
2
8g = (g7)
1 g1 1, @
— 1] - — | + — -
2 ( 82) s (g 8384)
ST
3 1 1 (i)
— -1} -— [ge+ 38" "-g4)]
gq (237 ) gy D 3
then g(i+l) = g(i) - Ag.

Iterate until | Agl < €.

The Keplerian elements are then given by the following equations.

) le‘. + ]XZI -2 ‘HXII |X21 cos g cos f

2 sin2 g

| %, X |

ecos E =1 - ; ecos E, =1 -
1 a 2 a
. cos 2g
e sin E, = [e cos E, - (cos 2g)(e cos EZ)]
-(sin 2g}{e cos Ez)

. € sin E1

El = tan m‘— 0 iEl < 2T

1
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e = [ (e cos El)2 + (e sin El)z:ll/2

a3/2
T =t1-(E1-esinEl)————- ifa=>0

Vs

: \ e - W 0<i<m

-1 Wx
0 = tan W O_EQ( 2

Y
cOSs El -e l-e =in E1

cos vy “T-¢ cos E1 P SILVY T e cos E1
P = U1 cos vl —Vl si. v,
o = U1 sin v, + Vl cos v,

1 Pz
U = tan_ 0<wmw< 2T

ZTZ —
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3.7 DIFFERENTIAL CORRECTION AND
ASS50CIATED COMPUTATIONS

Basically, the problem of differential correction is the change, or
correction, of a given set of parameters so as to achieve some specified
result. In this case, the goal is to minimize the weighted sum of the
squares of the differences between the (observed) radar data and the
corresponding quantities computed from the observational model. The
model, of course, includes the trajectory and radar parameters to be

corrected.

3.7.1 Notation and Nomenclature

In general, matrices and vectors will be denoted by Roman capitals;
their components by corresponding lower case letters, with subscripts

where applicable.

n number of observed quantities
m number of rarameters
k number of effective parameters (m minus the number of

restraint equations)

.th . . 3
o, i~ observation (may be range, azimuth, elevation, range

rate, P, O, P, Q)

radar sigma (multiplicative weighting factor) to be applied

> to data type j from station s
st radar bias {additive weighting factor) to be applied to data
type j from station s
Omc vector of weighted residuals (differences between observed
and computed radar quantities)
P vector of parameters
AP correction vector for P




vector of bounds on solution AP

do,
. . : i
matrix of weighted partial derivatives; a.. = /o
24 P ij ‘g—pj
i=12, ..., n;j=1,2, ..., m
o, determines the appropriate o to be applied
T
A A transpose
B constraint matrix
3.7. 2 Sigmas and Biases

Usually, some emnpirical evidence is available as to the relative accuracy of
various types of data from different stations. Xor this reason, two types of

factors, each correlated with a particular station and data type, are used,

The most common of these are the radar sigmas. The residuals and partial
derivatives of a given type of observation from a specific station are divided
by the corresponding O'Sj. in this way, it is possible to insure that the more

accurate data have a large part in determining the optimum set of parameters.

if it is known (or suspected) that a station has a constant bias in reporting
either data or time, the ﬁsj are used. These are applied to the appropriate
components of Omc {(before the division by crsj). Biases may be included

with the parameters to be solved for, but only biases on basic data types.

In the succeeding paragraphs, the sigmas and biases in A and omc: are in-

cluded implicitly.

3.7.3 The Unconstrained Normal

In its simplest form, differential correction involves the solution of the
linearized problem (ATA) AP = ATomc' ATA is the normal matrix. If a,
is a row of A and if ATA = 0 initially, the normal is formed in TRACE by
accumulating ATA = ATA + aiTai, i=1,2, ..., n, at each observation

time.
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3.7.4 The Constrained Normal

It is often desirable to impose linear constraints of the form AP = B{AP') + C
on the solution, P' is some subset of P, and C is a vector of constants. For

instance, suppose the parameters to be solved for are
Py = S latitude
P, = 5 longitude
Py = SZ’ latitude
Py = SZ’ longitude

Pg = ) range bias
where Sl’ S2 are two radar stations.

Then the requirement that the positions of the station relative to each other

remain fixed is eguivalent to the matrix equation

’“Apl- "1 00] FApl ]
Ap, 010 p,
Ap3 - 100 bpg + 0
Ap4 010
L Ap5 | -O 0 IJ i _] i }
AP B AP c (65)

T
The effective problem now is to solve the reduced system (AB} (AB)(AP') =
(AB)TO . Ifa, is a row of A, and if ATA = 0 initially, the restricted normal
mc i 3
T T T
is formed by accumulating A" A = A" A + (aiB) (a.lB).
3.7.5 Bounds

Given a set of bounds g2 the corrections Api to the components of P are:

(a) less (in absolute value) than g if g > 0

(b) zero if g = 0




{c) unrestricied if g < 0

far i = 1, 2, ., m.

If constraints are to be applied, the bounds are adjusted to the new problem. !
m (Sign g.)

LethJ.:_Z -—Z—l-bij j=1,2,...,k
=1 (g,)

Then there will be k new bounds, g}, where

g.' = if h, >0

< 0ifh <0
8 ST

Notice that gJ.' =g for a variable not appearing in any restraint
equation. Also, specifying bounds that are equal in magnitude but op-
posite in sign for two parameters to be corrected by equal increments

will result in a zero correction to both.

3.7.6 Solution of the Normal Equations

For the purpose of this section, assume that there are m para-

meters PPy s Py to be corrected. (The succeeding paragraphs
require no change other than a substitution of k for m in the constrained

case, )

. . T T
At this point then, we have the mXm matrix A~ A, the vector A Om

C

and a set of bounds, g.. The problem then is to minimize ||AAP - O c “2
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Ap. \&
under the side condition that 2_.( —gl) < 1, the sum being taken over all i
i
for which g; >D.
We can, without loss of generality, assume that g # 0. This is so because
g; = 0 implies that Api = 0, and the ith row and column of the normal matrix

may be ignored. This simply reduces the dimension of the problem.

Now, let G be the diagonal matrix so that Gii = % if g > 0; g = 0 if g < 0. I
We wish to find a value of z so that the solution AP'(z) of the linear system
(ATA + sz) AP = ATOmC satisfies the given side condition. This involves
two procedures: the choice of the best value for z, and the actual solution

of the system.

3.7.6. 1 Determination of z

As a start, find AP'(0), {the solution to (ATA) A2 = ATOmC). If

here are suitably small

g; @

fAD, z
zk -] <1 +¢,, the problem is solved. (¢, and ¢
1

Ap.{z)
positive constants.) If not, define y(z) = Z(—-g-l— - 1. Now y(0) > € -
1
Compute yih), y(10h}), y(100h), ...; h some present constant, until either
(1) a value of z(=kh) is found so that -€3 < y(z) < €;, in which
case AFP(z) is the solution, or
{2) two values of z are found so that y{z1) > €] and y(z3) < -€5.
The required value of z is now bracketed.
If {2) is the case, the next siep is to choose a value 2y between zy and Z5-
zy = 0. 821 + 0. 222 where the 0.8, 0.2, are fairly arbitrary and zy and z,
may have been interchanged, so that Zq is closest to the value of z giving
the smallest y(z). [
If -¢;, < y(z;) <€, AP'(z,) is the solution. Otherwise, inverse quadratic
interpolation is used to obtain a new guess Zy- Again, if € < y(z4)ge1, !

AP‘(z4) is the solution. If not, the .wo values of 2z, from the set (Zl’ Z5




z3, 24), which bracket the solution most tightly, are chosen and the process

is repeated from (2).

If more than twenty solutions of the linear system are required, the process

is abandoned.

3.7.6.2 Solution of the Linear System

This section describes the procedure used in solving the linear system
(ATA + zGZ) AP = ATOmc‘ For a discussion of the theory involved, see

Section 2.

Let C = ATA + sz. It is desired to find a matrix S so that SCST = Dy &
lower triangular with (-1) on the diagonal; D = diag (dl, e s dn).

It C is a one-by-one matrix, S= -1, D =C. Now augment C by another

row and column:

Since §' must be lower triangular, with (-1) on the diagonal, and of the same

order as C', it must be of the form

and the requirement S'C'S’T = D' is equivalent to solving for a vector W and

a scalar b such that

T 1 = =B (66)

[¥3]
1

(e

c~




it is easily verified that
w=s"D'sa and

b o e

satisfy the requirements.

The computations follow the above outline, starting with the two-by-two

matrix Ci_j’ i=1, 2,;j=1, 2 and continuing until the decomposition

S o\ /AaTaic® ATo sT w D 0

1 me = (67)
wT ) ol a ol o 0 et 0 e

mec mec mec

has been found.

Carrying out the multiplication indicated on the left side of the equation shows

that the m-dimensional vector W is the solution to the linear system.

3.7.6.3 Residuals Prediction

“ oP ” = ”AAP - O ” is computed from the augmented normal matrix:
mc mc
| 2 T T T
j ne _ . - :
ABP - O I'"=[(A"A MP) - AP] - 2[{A7O_ ) 8P +9D " O (68)

3.7.6.4 The Inverse Normal

el a3t 2 gl s (69)

with S and D as defined in paragraph 3.7.6. 2.

3.7.7 Cenvergence of the Differential Correction Process

The || O‘nc || is a measure of how well the orbit, computed on the basis of a

given set of parameters P, fits the observed data. ”OrP;u:" , computed as
in paragraph 3.7.6.3, is an approximafion to || Omc || , which would be cb-

tained by replacing P by P + AP. This approximation would be esxact if the
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least squares problem were linear; that is, if P were in a sufficiently small

neighborhood of the minimum point.

Convergence, then, is defined as being that point at which further corrections

corrections to P would produce no significant decrease in ”O m-:f: i.e., no
1l
over-all improvement of the residuals. The criteria used are
fo_ I - llof |
Lo MC <e. or ||O || : nF1/2< €, where n is the number of
log I =t ™ -

observations and ¢ 1 and €, are input quantities.

If HOmCH is decreasing with each iteration, the process is converging
and the bounds are expanded at each step (by a multiplicative factor [31) to
permit faster convergence. On the other hand, if || Omc” is increasing from
one iteration to the next, the process is diverging and the last corrections are
presumed to have altered P too drastically. In this situation the previous
values of P and the corresponding normal matrix are retrieved and resolved
with tighter bounds. The new bounds gi' are such that the weighted length

IG' - AP'|| of the solution is reduced to 82 times its previous value.

3.7.8 The Correlation Matrix

If the mathematical model is exact, if the observations are linear
functions of the parameters, if the observation errors have mean zero
and are independent, and if the input values of osj are correct, then the
inverse of the normal matrix is the variance-covariance matrix of ihe

parameters, due to the random errors in the observations. (For a proof

of this, see Section 2.) If the elements of this matrix are given as Cij

the corresponding correlation matrix has elements

© o'
C.'.:———l’]—-—— i, j. =l, 2, o oo op g (70)
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If all of the above assumptions are true except that all of the crij

values are in error by a constant multiplicative factor, then the values

in the variance-covariance matrix will also all be in error by the same

factor.




3.8 ERROR ANALYSIS

It is often desirable to analyze the basic statistics involved in a particular
orbit determination problem. This essentially entails a determination of
the effiects that specified sources of error have on the precision of the least
squares parameters. These sources of error, for example, may be in-
accuracies in station locations, random errors in obserwvations, or errors

in differential equation parameters.

The error analysis procedure does not require an actual determination of
the orbit, nor does it require actual observations; however, the data types
and data intervals must be specified for each station. A basic error analysis

may then be obtained by simple matrix manipulation.

3.8.1 Notation and Nomenclature
n number of "observed' quantities
m number of least squares parameters
k number of parameters (other than least squares parameters),

which are considered in error

G—Sj radar sigma to be applied to data type j from station s

Wll2 diagonal matrix of order n with cr;jl for each ""observation'
as elements

P vector of least squares parameters, or '""P-parameters"

Q vector of parameters {"'Q-parameters'} considered in error

{other than least squares parameters)
C(Q} variance-covariance matrix of the specified Q-parameters
A n X m matrix of weighted partial derivatives of the observa-

tions with respect to the least squares parameters;
A = W1/2 90,
P aP

A n X k matrix of weighted partial derivatives of observations

with respect to Q-parameters

A = W1/2 e
q 9Q

3-60




X, (x, v, z, %, v, z)T, position and velocity vector at time t
Rt (v, &, B, A, r, v)T, spherical coordinates at time t.
Et (e, M, ¢, &, 1 C)T, orbit plane coordinates; £-radial
TM-in track, f-cross track
Et (2, e, 1, O, u, T}T, elements at time t
Tt {(period, apogee, perigee)T at time ft.
5.8.2 The Normal Matrix

The normal matrix is formed in TRACE by accumulating ATA =

[ =}

a;rai where a; is the ith row of the matrix A = (AP, Aq). In terms

i=1

of PP and O parameters the ATA matrix is:

.......... (71)

o3
b=
]

This accumulation is made in double precision in error analysis applications

only.

T 1

3.8.3 (A A
P_P
The matrix is the variance-covariance matrix of the least squares
(P} parameters due to random errors in the observations. (The random
errors in the observations are specified by the csj .} In the case of the
orbital parameters, the uncertainties given by this covariance matrix

C(P') = (APTAP}_I apply only at the initial time t_.
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3.8.4 Effect of Q-parameter Errors on (APTAP)-I

In paragraph 3.8.3, only the effect of observation errors on the set

of least squares parameters was considered. However, station location

errors and differential equation parameter errors will also contribute to
the uncertainty of the P-parameters. By including these "Q" effects a

new covariance matrix is given by:

cPy=(a A+ aTaylaTa ciopa Ta (a Ta !
p p p p p ‘g qa “pp Tp
T
3P" apn
= C(P") + (-5-6 )C(Q)(m- ) (72)
where %Pg =-(APT p)'1 ApTAq' Again, this variance-covariance matrix

applies at the initial time to. (Note: The C(Q) matrix contains, essentially,

the uncertainties in the Q-parameters and must be input.)

3.8.5 Transformaticn

Both C(P') and C(P'") are referred to the initial time. Since un-
certainties in initial coordinates do not satisfactorily describe trajectory
uncertainties, it may be desired to translate these covariance matrices
into other coordinate systems and to times other than t,: This is some-
times called the "updating' process. The general transformation equation

is

T T
3X [ 3X 3X__ 3X 3PV dX  3X_ 3P
C(X,) = ( apo) C(P) ( apo) & (aoo 3P, 30, )C‘Q) (36 3P, 30 )

(o]

(73)
Transformations to other coordinate systerns are accomplished as follows.
(In all cases the result is a sum of two terms: The first gives the effect
of observational errors only; O-varameter effects arise from the second.

Both the first term and the sum can be printed.)
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4
(orbit plane) (74)

(55 Jeena (5 )
C(Rt,:(;ﬁ)C(xt,(;_Rt)T o o
(s oo )

\76)

(element)

3T, 3T, \ T =
C(T,) = B—Rt C(R,) STt (period, apogee, perigee) '

3.8.6 Transformation Partial Derivatives

The following formulae are used for the transformation partial derivative

matrices in paragraph 3.8. 5.

G
Orbit plare coordinates: ( : )

axt
X X
£E = — [(where X = ( v ) for this and the following equation only)
I X| z
. ExX
|5xx|
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Let % be the matrix (E, T, £}, then

o/
il

w
,,,N

X,

BRt
Spherical coordinates:
t

o {right ascension)

oo _ ¥y

IX 2 2
X -y

dso _ X

3y xZ_yZ

Qg=—ag---=0

dz a‘x

& {declination)

a6 _ - X2
ax
rz\/le-yz
A __-yz
3y
r? \Jx +y
ﬂ: x +y2
3z rZ
E'.'—E-=0
X
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g (flight path angle)

A {azimuth)

r {radius)

28
aX

AA
£

il

y (

1
ra-zr) - (xy-yx)(xz-zx+ T2 ¢

-x (

oo 5y (= v Py

- 1
ré-zf) + Goy-yiMyz-zy +X20) <

(v 22y (x* 1y
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v {velocity)

av _ xT

ax v

BEt
Elements: TR
t

a (semi-major axis)

P
%.i'_:—zz— where A = —— (A £ 2)
(2-3) .
2a _ar (2a
v v (ar)
3a _ 3a a_a_aa_o
dy ad B 3A
e (eccentricity)
%E:%‘-l—)- wherep:a(l—ez) {e # 0)
R i
2 _2r (3e)
EY R or
=Y
de _ w _Th .
Y A where y =~ = — sin B cos B
de _ de _ 0e
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i {inclination)

% = sin {0-0)

%: - cos & cos {w-0)

3 _ 33 _ ai
3y 3R T 3dr T dv

. (longitude of ascending node)

30 _ -cos {o-0)

A& tan 1

30 _ -sin &

AT T 2.
sin i

30

-a—&—l

w {argument of perigee)

3w _ cos2 {(o-01)

aé -  cos A
3w _ 5 : *w
38~ “ Tas

3w cos & sin (@-0)

AA sin i
3o Yw
ar 2

er
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v erv
Ap
56 -0

T (time of perigee passage)

BT _ —\!p_xm

Ba— edu_

aT
. . t
Period, Apogee, Ferigee: (——aTt)

BTt i} BTt BEt
BRt aEt BRt

p (period)

o}lcv
wlo
1
o w
P g

1l

el

37?4
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r_ (apogee) J
Bra ) r

aa = _é,_ = 1+E 1

‘!

ar '
3e a

rp (perigee) ‘

arp rp
T "a -l
Brp
5e @
- aTt
(All other terms of SE are zero. }
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SECTION 4

PROGRAM STRUCTURE

4.1 GENERAL

TRACE is written in the FORTRAN language, to be used with the IBM
709/7090 FORTRAN Monitor Systern. The basic construction of the program
is a series of independent links, which are connected by the CHAIN feature
of FORTRAN. Within each link there is a series of large blocks, or major

subroutines, each of which makes use of many smaller routines.

This design was chosen for TRACE for several reasons. First, the flow of
computation is easy to follow and understand, both in general and in detail,
by relative newcomers as well as by the authers. This is an important
consideration in facilitating modifications to an intricate but continually ex-
panding program such as TRACE. Because of the subroutine structure of
TRACE, most of the presently projected additions can be made by changing

one or two routines with no possibility of interfering with contiguous

segments.

TRACE is restricted to use with the 709/7090 by only one characteristic—
the occasional utilization of FAP. In general, the FAP subroutines are short
and few. In only one link { TRAIN, the tracking data input link) do they play
a major part, and even in this case they can be simply replaced. It was felt
desirable to replace the FORTRAN input statements by buffering routines
designed specially to handle large amounts of fixed format radar observa-

tion data cards.

TRACE is therefore an extremely flexible program partitioned into five
major links. A description of these links follows and general flow charis

(Figures 10 through 15) appear at the end of this section.




1.2 THE LINKS
4.2.1 CHAIN

This is the only program that must be executed regardliess of the mode in
which TRACE is to be used, CHAIN is divided into three sections. The
first section reads basic data, but not station locations, or tracking data,
or the specifications for data generation or error analysis. It also prints
a header, sets several options to their nominal values, and computes the
Julian Date and the orientation of the Earth. The second section initializes
the trajectory parameters, and reads in extra input for GAIN or FEIGN,

if the corresponding mode is being executed,

The third section is executed only during the orbit determination mode of
MAIN (see paragraph 4. 2.3}. It contains the differential correction pro-
cedure and the corresponding output. Control is alternated between MAIN

and this section of CHAIN during the orbit determination mode.

4.2.2 TRAIN

The tracking input link, TRAIN, reads radar station location and observa-
tion data. This data may be on the BCD input tape produced by the IBM 1401,
or on a binary tape previously written by TRAIN. For real-time tracking
exercises, the card reader will be used. The observations are sorted
chronologically, and a compacted list is produced, which eliminates storage
corresponding to blanks in the information reported. In this way, approxi-
mately two thousand observations can be handled in core {on a 32K machine)

without resorting to intermediate tapes.

On option, TRAIN produces a binary tape containing the sorted and
compacted chservation data, to be used either on successive runs or the
next case of the same run. This data has been transformed to the standard
set (R, A, E, R, P, Q, P, O at present), and all units have been converted
to an earth-radii-minutes-radians system. Observation tirmes are reduced

to minutes from midnight of epoch.




In addition, TRAIN prints the tracking input, and decodes and prints input

concerning parameters to be solved for by differential correction.

1.2.3 MAIN

MAIN has two modes of operation: trajectory only, and orbit determination.
The first is a straightforward computlation of the trajectory determined by
the initial conditions, using whichever of the available methods has been
designated. Output is a time history of position and velocity of the vehicle,
and various other related quantities, at any specified combination of print

intervals.

The orbit determination mode utilizes both the trajectory block and a radar
block. These two segments combine to produce residuals and partial
derivatives of the observations with respect to the parameters being studied.
The original nonlinear problem is solved iteratively by differential correc-
tion. Residuals are formed, corrections computed and applied and the entire
process is repeated either a specified number of times or until convergence.
Convergence is defined to be the point at which no further improvement can
be predicted in the residuals (the differences between measured and computed
observations). Divergence. defined as an over-all increase in the residuals,
is also possible. ln this case, the last best solution is retrieved and the
corresponding system re-solved with more stringent bounds on the

corrections.

Output from MAIN in this mode consists of the residual at each observation
time, and the pertinent results from the differential correction routines
including initial conditions, corrections, and the correlation matrix. The
trajectory output and a time history of the normal matrix and its inverse are

also available if desired.
4.2.4 GAIN

Steering data for the radar stations must be supplied in the form of separate

listings for each station. Althcugh the computations involved are basizally




those of the computed observations produced chronologically in MAIN, the
required output form, station-by-station listings, imposes a considerable

sorting problem.

Utilizing the trajectory block and a simplified radar block, GAIN proceeds

so as to completely fill core with chronological ephemeris data, which is then
sorted into listings that are station-by-station for the period of the data in
core., (Further sorting could be added upon completion if a station-by-

station listing for a longer time period is desired.)

GAIN requires as input a list of station locations and a definition of the data
configuration desired from each. Any function, not necessarily an observa-~
tion, could be coded and selzctaed for output. Normally, however, output
will be some type of radar observation. Data is produced only for those
periods during which the vehicle is visible to the station; optionally, rise

and set times only are calculated.
4.2.5 FEIGN

The simulation link, FEIGN, is designed to permit studies of the large
matrices involved in tracking system design without requiring their genera-
tion by one program and manipulation by another. To save storage space,
the simulated data is not computed explicitly, but is instead inferred from
a list of data types and frequencies for given stations. FEIGN employs the
trajectory and radar bklocks exactly as they are used in the differential
correction path of MAIN. However, since there are no actual observations,
this link checks for visibility at each point and computes derivatives, etc.,

only when physically applicable.

The main matrix calculation being made in FEIGN at present is the calcula-

tion and inversion of the normal matrix associated with the parameters being
studied (i.e., P-parameters). The inverse of the normal matrix is the
covariance matrix of the P-parameters. This covariance matrix may be

updated in time {by use of the variational equation partials) and transformed




Bne

to other systems. These other systems are: Cartesian; Orbit Plane;
Spherical; Element; and Period, Apogee, Perigee. The effect of specified
parameter errors (Q-parameters) may be included in any of the above
matrices. Any combination of matrices, with or without the Q-parameter

effects, may be output.
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SECTION 5

USAGE

5.1 INTRODUCTION

This section describes the input, deck setup, and output connected with the

use of TRACE (in Sections 5.2, 5.2.6 and 5.3, respectively). It is designed to
answer most ques..tions pertaining to the use of the program. Each function-
trajectory, tracking, data generation, and error analysis - is treated

separately. A detailed explanation of each is contained in Section 1,




5.2 INPUT

This section is divided into six parts. The first is concerned with the

Basic Data input commeon to all functions. The next four parts cover

the functions of trajectory, tracking, data generation, and error analysis.
Each part, together with the Basic Data input, is independent and completely
describes the input for the function involved. Finally, the arrangement of

the program and input deck is described.

TRACE utilizes the following four types of load sheets for input;

° FINP for Basic Data
. Station Location Data
* Radar Observation Data

* Error Analysis and Data Generation Specification

Sample load sheets and summary descriptions are included at the end of

each part.

The following three points of information will make the FINP load sheets

easier to use. N

a. Although the load sheet imposes an order on the input, the
actual order of the cards is (almost) immaterial, the only
restriction being that all values with nonsymbolic locations
are located relative to the last previous symbol, In the
case of twoappearances of the same location symbol, the last
value read is the effective input.

b, A prefix (Columns 1, 19, 37, arnd 55} determines the mode
of input. A blank indicates that the following value is to be
read as a floating point number; an I,as a fixed point
decimal; D, BCD {Hollerith}; and B, as an octal. The END
cards are used because the prefix E terminates the FINP
read,

c. Any card for which no value appears may be omitted. Blank
fields are igncred except for D prefix {BCD).




5.2.1 Basic Data

By definition, Basic Data is that which is common to all functions. The re-
quired Basic Data includes the list of functions to be performed, the specifi-
cation of the trajectory (date, time, and initial conditions), the force model
to be assumed, and the constants and parameters to be used in the trajectory
integration. (The force model, constants, and parameters are ''required"
data, but standard values are provided. The replacement of these quantities

is thus "optional." See the appendix for a list of the standard values.)

There are also options, which are common to all functions, and thus are
contained in the Basic Data input. These include identification information,
specification of the ballistic {drag) coefficient and atmosphere model, se-

lection of other-kody perturbations, and cutput print time specification.

A line-by-line explanation of the load sheet follows. An asterisk refers to

a special feature, which is explained below the example.

5.2. 1.1 Required Input

Line | - Functions To Be Performed

l I Mofirinv [i2]4] [ ]

This line contains the ordered list of all functions TRACE is expected to

perform on a given run, using the code:

tracking data input =

tracking computations
trajectory only =

data pgeneration =

(6 5 Y SR S T O T e

errcr analysis =

Up to 12 functions may be selected. When this list is exhausted, TRACE
will reset certain standard options, prepare te run another sequence of func-
tions, and read Basic Data, or stop if there is none. The example given would

be for a tracking case {functions 1 and 2) followed by a data generation case.
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Lines 2 through 8 - Epoch

YEAR 1963 T
MNTH |6
DAY |15
TZNE [0
HR 12

MIN 45
SEC 15. 5

The year, month, and day should be input. The X axis is then directed to the

vernal equinox (see paragraph 3. 1.1). (% Line 2. If the year is input nega-

tive, the X axis will be directed to the longitude of Greenwich.) The hour,

minute, and second refer to midnight, zone time. GMT is time zone zero.

Lines 9 through 15 - Initial Conditions

SRI[ICTYP |2
10 1C 126. 1 o |
11 2 31,23
12 3 89.
13 4 14.
%14 5 22600114
% 15 |6 25117.3

Line 9 indicates the type of initial conditions entered in lines 10 thru 15.

For ICTYP = .

1

IC's are:
FEarth-centered inertial cartesian coordinates (x,v, z, X, V, Z
in feet and {t/sec - sece paragraph 3. 1.1, 1).

Spherical coordinates (g, &,B,A, r,v in degrees, feet and
ft/sec - see paragraph 3.1.1.2).

(*Line 14. If r is negative, itis interpreted as height
above the earth's surface. *Line 15, If v is negative,
circular velocity is computed and used. )

Orbital elements (a, e, i,2,w, T in feet, degrees, and
minutes - see paragraph 2. 1.1, 3).

The same as 2 above with longitude replacing right
ascension.
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S

No IC's are input. The last trajectory point of the last
previous run is used.

No IC's are input. The corrected initial conditions fromn
the last previocus tracking run are used.

Sarmne as 1, 2, and 3 but in units of earth radii, minutes,
and radians The type is determined from the last previous
tracking run, or from CPRAM (see line 37).

Sarme as 1 but in units of earth radii and earth radii/min.

No IC's are input. For a tracking run two RAE sets are
used from the data to calculate a set of initial conditions
(see paragraph 3.6. 7).

2.2, 1, & Optional Input

Lines 16 through 20 - Drag

Line 16 contains the drag paramneter

16 DRAG |.01
17 Q@I |2
18 3
19 4
20 5
C_A
% in ftZ/lb‘

Line 17 contains the atrnosphere model specification.

If DRAG(2) is:

[o]

[~ VR SR

use: ARDC 59 Model
Lockheed Model
Paetzold Mcdel II
Paetzold Model 1
L. F. E. Model

If line 17 is a 2, 3, or 4, lines 18 through 20 contain three quantities used

in the Paetzold calculation.

Line 18 contains F - sclar radio flux.

Line 19 contains AP - planetary magnetic index.

Line 20 contains g{a) - plasma intensity coefficient.




Drag Table Option

CDA C_A
w— X Cb(M, h). W isa
constant and can be differentially corrected by the use of the variational eq~

Think of the drag parameter as two terms:

uation. CI')(M, h) is a function of Mach No. and/or altitude; it is then input as
a table.

C.A
Normally Cb is set equal to 1, and with I‘v)V input into location DRAG,

TRACE operates as before. If the use of a table is desired, additional inputs
must be made {marked with * below). The following is the use of the C block

where the tables are stored.

C(50) Cb(=1, or interpolated table value)
C(51) if = 0, do not use tables
if negative, use Mach table only
if positive, use Mach table and altitude table
£ G(52) altitude above which altitude table is used and
below which Mach table is used. (Needed if
C(51) is positive.)

C(53) {not used)
C({54) {used by interpolation routine)
ol C(55) - C(72) altitude table. (Monotonic increasing stored as
altl, C'D, altz, C.b . altn, Cb, 0, 0)
C(73) {not used)
C(74) {used by interpolation routine)

% C{75) - C{100) Mach No. table (stored as altitude table above}.

Line 21 - Print Code

[ Te, 28 24
| 1 I A
O BN
1 HEEREAEENE:
21D | PRCDE|X B
Vi | WMV W
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An X will cause the corresponding information to be output. {The boxes
marked V will be printed only at specified print times - see below.) See

Section 5.3 for output examples.

Lines 22 through 28 - Print Time Vector

221 [PRTIM | ¢

n 2301 |2 2

o 24 3 0
At] 25 4 5

t] 26 5 90
Aty 27 6 15
2 28 7 1440

Sequence of print times for output selected in PRCDE. There may be
n{n < 9) sets (line 23); for the im set output is from tih1 to ti at intervals of
At..  All times are in minutes from midnight if PRTIM = 1; from epoch if

PRTIM = {. Ati = 0 means do not print in this interval. Additional cards

may be inserted here if 3 €£n €9,

Line 33 - Extra Body Perturbation

R AEEYSHIE =]

If CTAPE is non-zero, then other-body perturbations will be computed

from: coordinate tape on unit number CTAPE, using body selectors in INTEG

and relative masses in C.

Line 34 - Eclipse Indication

[ SaJJL[XTAPE] [ ]

If XTAPE is non-zero, then the position of the sun will be determined at
each print time from the coordinate tape on unit number XTAPE., An indi-

cation is then printed as to whether the sun is visible from the satellite.




5.2.2

5o Bo B 1l

Trajectory Only

Required Input

There is no required input in addition to the Basic Data,

5.2.2.2

Optional Input

Lines 37 through 39 - Variational Equation Partial Derivatives

CPRAM

378D x| Ix
38l D DPRAM X|X
39 I D OPRAM

An X in a box causes the variational equation for the corresponding parameter

to be solved. The partial derivatives are printed out if the Variational Equa-

tion box is marked in PRCDE {see Line 21).
CPRAM - Initial condition parameters. The first box specifies the type of

initial conditions. The succeeding boxes indicate the particular parameters

desired. The boxes are ordered as follows:

Type
1 x Y z X y z t0
_2— o o —_6_ g A r v t,
3 a | e i Q 1) T to

DPRAM and OPRAM - Differential equation parameters,

ordered as follows:

The boxes are

DPRAM Drag‘ "

OPRAM I 33

™
—
[
LWL
_—
o
o
—

|
F

“43

“This list applies only if the full set is used. See the appendix for the ordering
of shorter sets.
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Line 42 - Trajectory Comparison Option

41 IFLAG
42 W1 |15 10

If IFLAG(15) is

it contains the logical tape number of the
tape, which is tc contain the reference
trajectory

a regular trajectory run is indicated

it contains the logical tape number of the tape
containing the reference trajectory. The ref-
erence trajectory is read in and diffierenced
with the trajectory of the present case. These ]
differences are resolved into the orbit plane

system and are placed on the binary plot tape. l
The binary plot tape number is [FLAG({15) + 1.

Line 44 - Analytic Trajectory Option

43

L

44

C
49

If C(49) is non-zero, the trajectory is not integrated. Instead, analytic

approximation formulae are used to determine the trajectory (see paragraph

3.6.6). C(49) should be a positive integer; then the formulae are recomputed

every nth orbit where n = C(49).
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Table 1.

TRACE - Basic Data and Trajectory Input

X-1 7090 INPUT DATA 'L%\" AEROSPACE CORPORATION
y :_’;.-" COMPUTATION & DATA PROCESSING CENTER
PROGRAMMER XEYPUNCHED YERIFIED DATE PAGE OF
{2 i e — 73
H1 alt - -
H2 - B -
TS
:o :o :u ;; :n :o z7a _‘1;
= | £ & o2 los A B
SYMBOL "] voc. VALUE Exp, | srueoL | Loc VALUE EXP.
ylolire PITTTTOTTT( ! 37@ D|CPRAM
2l | YEAR 3slo|loPrAM
381 | MNTH 39 D|OPRAM
1M1 | DAY d
5 TZNE 41 IELAG
3 HR 2201 15
i MIN 43 &
3 SEC 14 {49
ol1 [1CTYP
10 e .
11 2
12 3
13 4
14 5
15 6
16 DRAG
171 ] 2
18 3
19 4
2 5
tle .48 &g
£08 g0g8xF
-Eu'm:r_.’-:m:e'o.c;:
RV ERREN]
BEREEEE
2201 | PRTIM
2301 | 2
24 3
25 4
26 5
27 6
28 7
29
30
31
32
331 CTAPH
341 | XTAPH

AEADSPACE FORM 2423 REV s8.83




2-8:

1-0-15:

16:

18:
19:
20:

21:
22-28:

33:

34:

Table 2. Basic Data and Trajectory Input Description

ltinerary. Specify order of compu-
tations,

1-Tracking data input, 2-Track,
3-Trajectory only,

4-Data geuneration,

5-Error analysis

Type of initial conditions
1C

4
[l
B
B {ft-sec-deg)
A
T

NOTE: If r is negative it is inter-
preted as height; if v is neg., cir-

cular velocitgr is computed and used.
/

CpA/W. (ftZ/1b)
Atmosphere model specification
0 ARDC 59
1 Lockheed
2 Pactzold I
3 Paetzold [
4 L.F.E.
F - solar radio flux
AP - planetary magnetic index
gla) - plasma intensity coeif.
g
:‘E o Lwm @ = g_’,
Q w o = s
282295598
1) a8l = O
Ao 'E"’"‘ﬁ" N
§F e O b
SeBt5T0IN0
 to print (LT[ L] L]1{{T]

Print at t=t,(At)) t){Aty). .. (At )t in
minutes from midnight if PRTIM=1,
from epoch if 0.

23 - n {59), 24 - to’ 25 - Atl.
26 - tl’ 27 - Bta, 28 - t2, ete.

Extra body perturbation option
and coordinate tape number.
Eclipse indication option

and coordinate tape nwmber.

37. Initial Condition Parameter Specification:
TYPE X] to specify:
1 x yv z % y 2 t,
2 o 6 B A r v t
3 a e i Q o 7 t,

38-39: Differential Eq. Parameter Specification:
X to specify:

cA :
—wou Jy I3 Iy g I Ty
DPRAM | 1T T T P17 T 1

Tgr J22 J32 T4

11 1]

*
T33 T4z J44 Loy L3y Ly
OPRAM| | i | I

Ly Ligp Ly Ligg Lyz Ly,

P 1 1T T

42: Trajectory comparison option and tape
specification.
44 Analytic trzjectory option.

# This list applies if ®BJT = 4. 1f $BIT = 3
replace with shorter list le, J3l’ ‘IZZ’ J32, .I33
and Ly, Lyj, Lyy, Lgy, Loy HQBRIT =2
replace with le, Iss and Ly LZZ'




5.2.3 Tracking
5.2.3.1 Required Input

Lines 33 through 37 - Parameter Specification Boxes

33 MDCPRAMILL [X X
34 MDDPRAM| X X[xix
35 B DIODPRAM XXX
- 3 MDRPRAMKEB X
L 37 D ]

An X in a box causes the corresponding parameter to be used in the differen-

tial correction seclutien,

CPRAM - Initial condition parameters. The first bon specifies the type of
initial condition. The succeeding boxes indicate the particular parameter

desired. The boxes are ordered as follows:

Type
1 x ¥ z X y Z t
2 o 6 8 A T v ty
3 a ® 1 Q w T t

DPRAM and OPRAM - Differential equation parameters. The boxes are

ordered as follows:

DPRAMlDragi " lJZ |J3 ‘J4 |~T5 [J21‘~T31 iJ41 IJzzlJ32|J42

<4

OPRAM |J33 A

31| N 22' A32 |“42 |R33| M43 I M4

RPRAM - Radar parameters, The first two boxes of each line contain the
station name. The succeeding boxes indicate the parameters desired. They

are ordered as follows:

Liclalr|alEIR]|T

:FThiS list applies if the full set is used. See Appendix A for explanation of
standard set.
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where;

L = Latitude

? = Longitude

A = Altitude

R = Range Bias

A = Azimuth Bias

E = Elevation Bias
R = Range Rate Bias

R = Time Bias

Additional cards may be added for more radar stations. Note: The number

of X's in CPRAM + DPRAM + OPRAM must be € 15. The total number of
X's must be £ 30.

Lines 41 through 46 - Bounds

41 NDS 100

42 2 100

43 3 1 -5
44 4

45 5

46 6

A bound must be entered for each parameter selected above in the same
scequence. For each iteration of the differential correction process, the

change in each parameter is:

a. Less (in absolute value) than the corresponding bound if
this bound is positive.

b. Zero if the corresponding bound is zero.

c. Unrestricted if the corresponding bound is negative.

Lines 49 through 65 - Sigmas

49 SIGMA 100
50 2 .05
51 3 .05
52 12 200
53 13 .05
54 14 L1




Sigmas are the weighting factors for the radar data. Entered here are a set
of radar sigmas for R, A, E, R, P, Q, P, Q, u, v, rin that order, in feet,
degrees, and seconds. Ten sets may be entered, I =0, I, 2, ., 9. This
value of [ is the one to be entered on the Station Location Card, column 5.

Additional cards may be inserted here if necessary,

5.2.3.2 Optional Input

Line 29 - Tracking Termination Time

i 2o [ 21 ] L]

If PRTIM(21) is not zerc, then only observations prior to this time (in

minutes from midnight) will be used in the orbit determination.

Line 57 - Maximum Number of [terations

[ 57 W [MAXIT |4 [ 1]

If the differential correction process has not converged at the end of MAXIT

iterations, the run will stop.

Line 58 through 60 - Data Tape Specifications

53 1 [IBCDI
5o M1 [iBINI
0 W1 IBINU

IBCDI. If the radar observation and station location information is to come
in on a BCD tape other than A3 (the normal FORTRAN system input tape), the
tape number must be specified here. It may be any channel A tape not used

by the system; only the numeric designation is required.

IBINI. If TRACE is to input a binary tape containing compacted radar data
(produced by a previous run}), IBINI must be non-zero. I1f IBINI £5, the
tape is assumed to be on B5; if IBINI > 5, it is assumed io be the tape

number {Channel B only).




IBINU, If IBINU is non-zero, TRACE will produce a binary tape containing
the sorted processed radar observation data for later use. The same tape
numbering convention holds as for IBINI above. If IBINU is non-zero, after

a tape is produced IBINI will be set for the corresponding tape unit; successive
cases of the same run will therefore not require that the observation input be

repeated. (The tracking data input function must still be selected by ITIN in

order to read the tape.)
Line 61 - Refractivity

[ o K [rRerFr | ]

The equation used to correct elevation data is; E = E' - n,, cotn E'if E!
] n_. x 106 80
>0.1 radian, and E = E' - : if E' <0.1

1000 \ 12 + 1000E" ~ & + LO0O0E'
radian, and ng # 0.

E' is the input elevation. The n,. are read here, 1 =0, 1, 2, ., 9. This
value of i is the one to be entered on the Station Location Card, column 6.

Additional cards may be inserted here if necessary. Nominally,
n: =312.0 x 10°°.
so

Lines 63 and 64 - SOS

I 63IDS(DS AR HEIRR
64

SOS contains up to nine station names {2 blocks per name). For each of
these stations, the root mean square (rms) and the square root of the sum
of the squares (SOS) of the residuals after division by the radar sigmas are

printed out.




Lines 65 and followiﬁ - Constraint Matrix

1 [KNST
BLIST

l*'“Lﬂ-dmNO‘i—‘i—‘ml—q:.q:.l—wwr—NNn—n——n,p

These quantities can be best explained by example. Assume that there are

n parameters to be solved for (pl, Py oovs pn) = p. The ordering of the P;
corresponds to the order of the X's in CPRAM, DPRAM, and RPRAM. Also
assume that there are m linear constraints to be placed on these parameters.
For example, ifn =6, m = 2, these might be P -l-p5 = b, Py - ZP() = 0. Then
KNST is equal to the number of effective (unconstrained) parameters, or

4(= n-m).




BLIST, the constraint matrix, is obtained as follows:

a. State the problem in the form p = Bp + ¢, where the p are
the effective parameters. For the example given, this
takes the form

= — = - = r =

P [1000 [ 5, 0

Py 0100 }52 0

P3 0010 53 0

= . +

Py 0001 P, 0

Py -1000 6

p6J 0500 0

g e, mm e g — L —

P B P c (78)

b. Input the non-zero elements of the augmented {n+1) by

{m+1) matrix
B @

0] 1

where the element by; is input as i, j, bjj. The input for
this example is shown above.

Lines 73 and 74 - Time Delay Correction

73 C
74 3

If C(3) is non-zero, a time correction will be applied to the radar data. C(3)

should contain * the speed of light (earth radii/min).
R .
Then, t' =t +a§)- where R is the range.

Line 75 - Data Editing

EN i | [ ]




It CMsy s "n-zero, the radar data will be edited on the second and following
itera:;h‘a\pgmts wiil be discarded with residuals greater than:
The input sigma times |C(13)| if C(13) is negative,
The statistical sigma from the previous iteration times
C(13) if 2(13) is positive. (A sigma is calculated for each
stztion and data type. )
The above input should be followed by an END BASIC card. If the radar data
is input from cards, Stuticn Location Data and Radar Observation sheets
sanuid be fillzd out followed by an END DATA card. If the data is input from
BCD or binary tape, ihe END DATA card follows the END BASIC card.

SheaA) Do) Station Location Data
Column
1-72 ST. Two letters that serve as identification for a station.
Yo tvie stetior s should have the same symbol
5 Type of radar observation sigma to be applied to data from

this station.
The sets of sigmas input with the Basic Data are numbered (from
0 to 9) in the order in which they are read in. (See Line 49.)

) Type of refractivity correction to be used for elevation readings
from this station.
Refractivities are numbered in the order they are input in the
Basic Data. (See Line 61.)

9-17 North latitude of the station in degrees
19-27 East longitude of the station in degrees
29-36 Altitude of the station in feet
39-39 If this station reporis P or P data (Q or Q), these columns contain
(41-42) the two letter symbols for the associated station{s) of the tracking

configuration. Each such associated station must appear on a
separate Station lLocation Ca:d, but it is not necessary for
columns 38-42 to be filled out on the latter.

The last Station Location Card must be followed by a card with the letters TR

in columns 1-2. There may be up to 50 stations entered.




5.2.3.4

ST

GMT

(oo T I " T oV B e =

Radar Obse rvation Data

Station call letters, which must correspond to a Station Location
Card

Number of hours to be added to the observation time to give
Greenwich Mean Time

The values indicate the tirme of the corresponding observations

Type of observation

Col. 26-39 Col. 41-54 Col. 56-69
Range A zimuth Elevation
Right Ascensicn De clination ==

L N N

Hour Angle D e clination ---

Af At m==

L1 1.2 L3

R - Sy

P Q

1= Q

The last Radar Observation Card must be followed by a card with the letters

TR in columns 1-2.

(An END DATA card must also follow if no nonstandard

input is included.)

5.2.3.5

Flocking Option

For large numbers of radar obserwvations (>1000) the data should be divided

into "Flocks. ' Flocks mavy be of arbitrary size {but each <1000 observations).

A control card with the letters TF in columns 1l and 2 is used to signal the

end of a flock; any number of these rmay be placed among the observation

cards.

The last flock must still be terminated by a TR card.




There are two restrictions to be observed. First, the observations must
be in partial chronological order. That is, every data time of a given flock
must be later than all times in all previous flocks. Second, the Basic Data
quantity IBINU (Line 60) must be specified so as to produce a compacted
data tape, unless such a tape, produced on a previous run, is being used

as input.

The mechanics of this option are as follows. The radar observations are
read, sorted, processed, and written on tape, one flock a* a time, by TRAIN.
If more than one flock is found to be present, the differential correction
process in MAIN reads the tape and computes residuals and the normal

matrix for one flock at a time.

It is very strongly recommended that large sets of data be broken into
flocks; looping and strange halis result from overrezding observations with

the program.
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Table 3. TRACE - Tracking Input

X1 7090 INPUT DATA M AEROSPACE CORPORATION
: ) COMPUTATION & DATA PROCESSING CENTER
PROGRAMMER == ==  KEY2UNCHED _______ VERIFIED DATE PASE oF
] 7 13
HI |
H2 10 u
[T N . -
HE iz v T3 =
ar |w as By 37 A 43 ey
=B je8 el 1 Bes |Be B1 71
SYMBOL R Loc. VALUE EXP. SYMBOL PPE Loc, VALUE EXP.
1 BpliTiN HEREEREREN 37 @D
2B 1IYEAR iz WD
3 I MNTH 39 WD
4l 1{DAY 40 WD I
5 TZNE 4] BNDS
6 HR 42
i MIN 43
8 ST 44
s @M1[ICTYP 45
10 1C 46
11 2 47
12 3 48
w1 R 49 SIGMA
14 5 50
15 6 51
[ DRAG 5
1l BE 53
18 3 54
1 4 55
20 5 56
.:"m'_. U__EE ng_g 57 W1 IMAXIT
Og.g cuvce;_,,',',g 58 1 IBCDI
i i %g 9S4 s W1 [ipINI
Hgﬁs;'ﬁiusﬂ‘e 60 M1 [IBINU
21 @D |PRCDE HERENEN 61 REFR
22 W 1[PRTIM 62
1 FIE A BT 111
24 3 64
25 4 65 M1 [KNST
26 5 66 1 [BLIST
27 6 67
28 T 68
29 21 69
30 70
31 71
32 72
33 MD|[CPRAM 73 C
34 MD|DPRAM 74 3
35 @plbPrAM 75 12
36 I D{RPRAM 76

AEROSPACE FORM 2423 HEV B.52




2-8:

10-15:

16:
17:

18:

21
22-28:

29:
33:

34-35:

Table 4.

ltinerary.
tations.
1-Tracking data input, 2-Track,
3-Trajectory only,
4-Data generation,
5-Error analysis.
Epoch
Type 1 2 34 of initial conditions
1C xoal

ybetd

zBi B (ft-sec-deg)

*AQA

yre r

ZV TV
NOTE: lf r is negative it is inter-
preted as height; if v is neg., cir-
cular velocitg' is computed and used.
CpA/W. (ft=/1b)
Atmosphere Model Specification

Specify order of compu-

0 ARDC 59
1 Lockheed
2 Paetzold 11
3 Paetzold 1l
4 L.Y.E,
F - solar radio flux
A - planetary magnetic index
g(g) - plasma intensitv coeff.
., 8 m
S o . ul ou
EWivocoe o&F
DS EC v gaen.g
293, . faza”
F O REsS5RT 8
2P R«S3935870
Keoprint [ TTTTTTTITILI
Print at t=t_(At,)t, (At,)...(At_)t_in
e (e g TR A
from epoch if 0.
23 - n (<9), 24 -t,, 25 - Atl
26 - tl, 27 - Atz, 28 - tz, etc.

Fit only observations prior to tf
Initial Condition Parameter

Specification
Type X to solve for:
l xy 2 2 y % t
2 o6 B AT V to
3ae i OQwrt
o
T Trrrid

Differential Eq. Parameter
Specification:
X to solve for:

DPRAM | [

Tracking Input Description

CDA *
"—W—IJ'JZJ J, J_.J J

33475733 4

31 J41 J22
[
T..J

32 " 42

%
T I_.21 L31 L41 L,,L.,, L

33743 744 22 L3z Lyp

OPRAM] T [ T T [ T T T |

%or shorter lists depending

L,, L

L33 Ly3 Lygy

on OBJT

36-40:

4] -48:

49-56:

57.
58-60:

61:
63-64:

65:
66-72:

75:
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Radar Parameter Specification. .

ST L ¢+ ARAERT
Xtosolvefor: {_1 T [ J T T TTT1
S5T: Station Symbol R:Range Bias
L: Station Latitude A:Azimuth Bias
5: Station Longitude E:Elevation Bias
A: Station Altitude R:Range Rate Bias

T:Time Bias
A bound must be provided for every para-
meter. For each iteration of the differ-
ential correction process, the change in
each parameter (a) 1s (in absolute value)
less than the corresponding bound if said
bound is positive, (b) Is zero if the
corresponding bound is zero, (c) Is un-
restricted if the corresponding bound is
negative.

Sigmas
(R- Au E.R,P, Oo P, O: u, vV, 1')1
1=0,1,2,...

1 is the sigma type as referred to by the
Station Location Data.

Maximum Number of lte:ations.

Radar Observation Data Tapes

58: BCD Input Tape if # A3.

59: Non-zero, < 5, if compacted data is
to be input on B5,

Non-zero, < 5, if compacted data is
to be output on B5.

Refractivity.

The names of no more than nine stations.
For each of these stations, the root mean
square (RMS)} and the square root of the
sum of squares (S05) of the residuals is
printed out.

Number of effective (unconstrained)
parameters to be solved for.

Constraint Matrix Input

Time delay correction,

Data editing option.

60
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5.2.4 Data Generaticn

5.2,4.1 Required Input

The only required input in addition to the Basic Data is the station location
data and data on Data Specification Sheets I and II. These will be described

below.
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5.2, 4,2 Optional Input

Line 34 - Rise and Set Times

IFLAG
34 W1je

If IFLAG(6) is

0 all data will be printed {see sample output paragraph
5.4, 5}).
1 rise and set times only will be printed; Data Specification

I not necessary.

Rise and sets are at minimum elevation angle entered on Data Specification
Sheet I.

Lire 35 - Input Control for Multiple Cases

l 35 W17 I [ ]

Station L.ocation cards and Data Specification cards are always read when a

4 or a 5 is first encountered in the 1TIN list. Ir each following instance in

the same ITIN sequence:
if IFLAG({7) is

0 Neither Station Location or Data Specification cards are
input (same as previous case].
1 Data Specification is input, but Station Locations are not.

- Both Station Location and Data Specification are input.

Line 36 - Observation Tape Generation

[ 36 I [ETAPE[ 7 ]

If ETAPE is non-z2ro, then a BCD radar cbservation tape will be generated
on tape unit number ETAPE. The tape format will be that of the tracking

input data.
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Lines 37 through 52 - Noise

37 BB |NOISE [01 234005
38 @D[RPRAMAIA] B [X[X
39 @D ©)
40 WD 3
41 PBIAS | .00l

2 30

3 -. 005

4 . 001
49 SIGMA | 50

2 .01

3 .01

4

1f NOISE is non-zero, the observations on the above tape and in the printed
data generation output will contain normally distributed random noise with
mean value given in PBIAS (Lines 41-if} and standard deviations given in

SIGMA (Lines 49-ff). (NOISE starts random number generator. )

If hias noise is to be used, RPRAM (Lines 38 through 40} contain the radar
observations to be biased. The {first two boxes of each line contain the station
name. The succeeding boxes indicate the parameters desired. They are

ordered as follows:

ss[o RPrAM| [ BIR[A[ER]T | |

where:
R = Range Bias
A = Azimuth Bias
E = Elevation Bias
R = Range Rate Bias
T = Time Bias

Additional cards may be added for more radar stations.
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PBIAS (Lines 41 - ff.) contain the bias to be added. The ordering is the
same as the X's in the RPRAM boxes above.

SIGMA (Lines 49 - ff.) contain the standard deviation of the random noise to
be added. Entered here are a set of radar sigmas consisting of values for

R, A, E, R, P, Q, P, Q, u, v, r in that order, in feet, degrees, and sec-
onds, I sets may be entered, I =0, 1, 2, ..., 9. This value of I is the one
to be entered on the Station Loocation Card, column 5. Additional cards may

be inserted here if necessary.

Line 57 - Refractivity

[ 570 IREFR | ]

The computed elevation is altered to account for refraction using the following

formula:

E'=E + nsicotn E if E> 0.1 radian {79)
and

6
1 si

n_.x 10 80
E =E+1_006 5150 3 +1000E)1£E<0'1 radlanandnsiio.
(80)
E is the computed elevation. The n_; are read here, i =0, 1, 2, ... 9,

This value of i is the one to be entered on the Station Location Card, column

6. Additional cards may be inserted here if necessary. Nominally, n__ =
-6 50
312.0 x 10 .
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Line 65 - Observational Variances

65 D CPRAM

65 8D DPRAM |
67 D IPPRAM

69 ATA |
70 501

If the standard deviations in the six observational quantities R, A, E, R,

A, :E, are desired, then

a. The appropriate box must be checked on Data Specification
Sheet 11,
b. A covariance matrix for trajectory parameters must be

supplied in lower triangular form beginning at A TA(501)

c. The corresponding parameters must be indicated (as on
lines 37-39 of the Basic Data Input sheet) in the CPRAM,
DPRAM, and OPRAM boxes.

The above input should be followed by an END BASIC card and an END DATA

card. Station Location cards and Data Specification cards follow.

5.2.4.3 Station Location Data

Column

1-2 ST. Two letters, which serve as identification for a station.
No two stations should have the same symbol.

5 Type of radar observation sigma to be applied to data from
this station
The sets o1 sigmas input with the Basic Data are numbered
(from 0 to 9) in the order in which they are read in. (See Line
49.)

6 Type of refractivity correction to be used for elevation readings
from this station.
Refractivities are numbered in the order they are input in the
Basic Data. (See above.)

5-17 North latitude of the station in degrees

19-.27 East longitude of the station in degrees
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29-306

38-39
(41-42)

Altitude of the station in feet

If this station reports P or P data (Q or Q), these columns
contain the two letter symbols for the associated station(s)

of the tracking configuration. Each such associated station
must appear on a separate Station Location Card, but it is not
necessary for columns 38-42 to be filled out on the latter.

The last Station Location Card must be followed by a card with the letters

TR in columns 1 and 2. There may be up to 50 stations entered.

5.2.4.4 Data Specification
Column Load Sheet I
1-2 Station Call Letters
These musi correspond to the letters on some Station Location
card
9-16 Interval, in minutes, at which data for this station is to be

generated; also testing interval for Rise-Set-only option

18-23 Minimum elevation at which the vehicle is visible

25-30 Maximum elevation at which the vehicle is visible
{Zero value will be set to 909)

32-40 Maximum range {in nautical miles) to which vehicle is visible
(Zero value causes this test to be ignored)

51-58 Start time, from midnight of start date
{Zero value implies epoch is start time)
51-52 days
54-55 hours
57-58 minutes

60-67 Stop time, from midnight of start date

60-61 days
63-64 hours
66-67 minutes

The last card of this type must be foliowed by a card with the letters TR in

columns 1 and 2.

Column

Load Sheet II {Note: This is not used for the Rise-Set-only

1-2

option)

Station Call Letters

These must correspond to the letters on some card from Load
Sheet I
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NG00 =]

11-14
15
16
7

18

19
2C
A

2e

An X in the appropriate column will cause the quantity listed
above that column to be outpui. (Only columns 7 through 14 will
be written on ETAPE if that option is used.) {(See Line 36.)

Range (n mi but written on ETAPE in ft)
Azimuth (deg)

FElevation (deg)

Range Rate (ft/sec)

P Dot, @ Dot, P, © - Doppler Data
Azimuth Rate (deg/min)

Elevation Rate {(deg/min)

Range Acceleration (ft/sec?)

Mutual Visibility

Output will be a list of numbers of the stations that are wisible
at the output time.

{Stations are numbered in the order they are input on Station
Location cards.) There is a maximum of 8 stations.

Latitude of vehicle (deg)
Longitude of vehicle (deg)
Surface Range from station to subvehicle point (n mi)

Altitude of vehicle (n mi)

The following options require special input prior to the END cards:

23

24

25

Doppler Rate = K X Range Rate
K is input into C(29)

Look Angle

This is the angle hetween an axis in the vehicle and the line of
sight from the s tation to the vehicle. The direction cosines of
the vehicle axis must be in C{37), C(38), and C(39). These may
be input as constant, or the user may provide a subroutine called
FANG that computes the direction cosines at each output point.

Observation Variances

The standard deviations of the six observational quantities R, A,
E, R, A, E, are output. These are based on a variance-
covariance matrix for trajectory parameters. The matrixis

input beginning in ATA(501) in lower triangular form (see Line 69).
Corresponding parameters must be indicated in the CPRAM,
DPRAM, and OPRAM boxes {see Line 65).
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Table 7. TRACE - Data Generation Input

e
7090 INPUT DATA 'f/_‘I)

X-1

AEROSPACE CORPORATION
COMPUTATION & DATA PROCESSING CENTER

FPROGRAMMER _ KEYPUHCHED VERIFIED DATE PAGE

T3

|‘0 Zzﬂ :a ‘3: |.D :n 2’! ;:
37 |3 a3 3 37 | s 43 8
L1 NEL] .1 ki LLEE-1] [ 3] 71
SYMBOL RE LOC, VALUE EXP sYMBOL pRE LOC. VALUE EXP
] Bt DREOEEAN 37 Wz NdisE
2B [ [YEAR 38 §D|RPRAM
3l 1 MNTH 39 @D
4B 1DAY 40 WD 3
5 TZNE 41 PBIAS
6 HR 42 2
7 MIN 43 3
8 EC 44 4
ol IICTYP 45
10 IC 46
11 2 47
12 3 48
13 4 49 SIGMA
14 5 50 ]
15 3 51 3
16 DRAG 52 4
17l 1]z R 53
18 3 54
19 4 5y
20 5 56
-8e og 57
89y 84 Fank 58 muEs
SEEE e 59
8 JUERnD
E¥a< 5055 w0 60
DlercpE]) | [ [ J T T PTT7] 61
1|PRTIM 62
1]z 63
3 64
4 65 WDlcPRAM i
5 66 D|DPRAM
6 67 @ D|OPRAM
7 68
69 ATA
70 501
71
72
IFLAG HE
ile T4
iz 75
1|ETAPE 76

AEADSPACE FORM 2423 REV 8.82
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2-8:

10-15:

16:
17:

18:
19:

20:

21
22-28:

34.
35

36;

Table 8.

Ttinerary. Specify order of compu-
tations.

1-Tracking data input, 2-Track,
3-Trajectory only,

4-Data generation,

5-Error analysis

Epoch
Type 1 2 3 4 of initial contitions
IC x & a f
y 8§ e &
z B i1 8 (ft-sec-deg)
* ADA
Yy r ur
Z v TV
NOTE: If r is negative it is inter-

preted as height; if v is neg., cir-
cular velocity is cornputed and used.
CpA/W (£t¢/1b)

Atmosphere Model Specification

2 ARDC 59
1 Lockneed
2 Paetzold 1I
3 Paetzold 1
4 L.F. E.
F - solar radio flux
Ap - planetary magnetic index
g{a) - plasma intensity coeff.
e @ 5 - 5]
L) e oo, ;5 o 9
8ReYoRE ot
9} a [;] W 1o I | ey
2258 q cEaan’
TeaEsE5RT 4
Shna<>BooxN0

Xtoprint [ 1[I TTTTITTHI
Print at t=t0(.'.\t| )tl(AtZ). .. (ﬁ\tn)trl in

minutes from midnight if PRTIM=1,
from epoch if 0.
25 - At

23-n(<9). 24 -t .
26 -t 27 - Ot,, 28 -t ete.

1f non-zero, rise and set times only
will be generated.

Inpw.t control for station location
and ephemeris cards.

Tape number of BCD radar station
and observation tape. (lf zero, no
tape is generated. }

Data Generation Input Desecription

3T lf non-zero, the above tape will
contain normally distributed random
noise {mean values in PBIAS and
standard deviations in SIGMA; RPRAM
specifies the bias parameters),
38-40:Radar Parameter Specification

S T RAERT
Xtospecifly [ [ TO T T 1T T T ]

ST: Station Symbol R: Range Bias
@blank cEREaE A: Azimuth Bias

E: Elevation Bias
R: Range Rate Bias
T: Time Bias

4]1-48:Contains the mean values of the btases
to be added to the observations specified
in RPRAM,

49-56:Contains the standard deviations of the
random noise to be added.

57-64: Refractivity.

o5: Initial Condition Parameter Specification:

TYPE to specify:
1 x y z % y 2z tg
2 a &6 B A r v tg
3 a e 1 2 w T ftg

[ A B

66-6TDifferential Eq. Parameter Specification:
X to specify:

CDA . -
- M Js J3 Jg Jg5 Jz1 J31
ppramv{ 1 | | | | [ [ |

J41 Jz22 J3z2 J4p

A4 [ [
J33 J43 Jgq Loy L3 Ly
OPRAM[ | L | [

Lpz Laz Lgp L3z Lygsg Lgg
I T | [ [ 1 I

69-76:Covariance matrix in lower triangular
form for parameters selected above.

#This list applies if §BJT = 4. I OBJIT = 3
replace with shorter list Jz7. J31, Jp3, J32.033

and Lyj, L3y, Lzz, L3z, L33. HOBIT = 2
replace with Ja1, Jzz2 and Lpy, Los.
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2-8:

1b-15:

16:
17:

18:
19:

20:

21:
22-28:

34:
35:

36:

Table 8.

ltinerary. Specify order of compu-
tations,

1-Tracking data input, 2-Track,
3-Trajectory only,

4-Data generation,

5-Error analysis

Epoch
Type 1 2 3 4 of initial contitions
1C x & a f
¥y & e §
z B i B {ft-sec-deg)
* A DA
v r oar
Z Vv TV
NOTE: 1If r is negative it is inter-

preted as height; if v is neg., cir-

cular velocity is computed and used.

CpA/W (ft?/1b)
Atmosphere Model Specification

0 ARDC 59
1 Lockheed
2 Paetzold 11
3 Paetzold I
4 L.F.E,
F - solar radio flux
AP - planetary magnetic index
g{a) - plasma intensity coeff.
., 8 "
R VI R RPN T
Lwfdoge oF
= e R S R e
LECg cFum T
ToR 28RN A
EEBaesw o580
Xtoprint | I I [P TI LT TTTI
Print at t:to(Atl)tl (Atz). oo (m;n)tn in

minutes from midnight if PRTIM=1,
from epoch if 0.

23 - n {<9), 24—t0, 1
26 - t, 27 - Atz, 28 - t,. etc.

If non-zero, rise and set times only
will be generated,

Input contiol for station location
and ephemeris cards.

Tape number of BCD radar station
and observation tape. (If zero, no
tape is generated, }

25 - At

Data Generation Input Description

37 If non-zero, the above tape will
contain normally distributed random
noise (mean values in PBIAS and
standard deviations in S1GMA; RPRAM
specifies the bias parameters).
38-40:Radar Parameter Specification

S T RAERT
Xtospecify [ [ T T [ [ [ [ ]

ST: Station Symbol R: Range Bias
@blank spaces A AZimth Bia:s
E: Elevation Bias
R: Range Rate Bias
T: Time Bias
41-48:Contains the mean values of the biases
to be added to the cbservations specified
in RPRAM.
49-56:Contains the standard deviations of the
random noise to be added.
57-64: Refractivity.
65: lnitial Condition Parameter Specification:

TYPE to specify:
l x y z x y 2z tg
2 a &6 B A r v t
3 a2 e 1 £ w T tg

I .

66-6TDifferential Eq. Parameter Specification:
X to specify:

CDA

. -
W M Ja J3 Jg JS_. J21 J31
ppraM{ | ] | § [ | | ]

Jq1 J22 J32 J43

J33 J43 Jaq Lpi L3 Ly
OPRAM[__ | [ 1 [ {

Laz L3z Lgp L3z Liyz Lyg
] | I I [ I |

69-76:Covariance matrix in lower triangular
form for parameters selected above.

#This list applies if OBJT = 4. If OBIT = 3
replace with shorter list Jpq, J31, Ja2, J32.933

and LZI’ L3]_, Laz, L32, L33. If (DBJT = &
replace with ‘]ZI’ Jzz and 1"21’ Lzz.
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S |

50 Bo 5 Error Analysis

5.2.5.1 Required Input

Lines 29 throuph 36 - Parameter Specification Boxes

29 @D|CPRAM|1]| [P| |PIQ

30 @DDPRAM] [ P Q
31 @D|PPRAM Q| Q

32 MDRPRAMIAIB] [ [P nf | o
33 @D

34

35

36

A P in a box causes the corresponding parameter to be used as a '"P" param-
eter. A Qin a box specifies that the associated pararmeter is a ''Q"

parameter.
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) CPRAM - Initial condition parameters. The first box
cpecifies the type of initial condition. The succeeding
boxes indicate the particular parameter desired, The
boxes are ordered as follows:

Type
CPRAM 1 X y z pd v 3 t,
2 o & B A T v t
o
3 a e 1 0 ) T t
o

° DPRAM and d)PRAM - Differential equation parameters,
The boxes are ordered as follows:

DPRAM Dragi w3, |35 IJ4 ’ T IJZIJJSI |J41 IJZZ 32|74z

{ : !

SR EYN VI XY EY VR RN EOOS FUM EN81 L8

PPRAM| J33 (743 ‘ PP EESIRVSI R TR REVY ROTILEE] RVEY RPP!

) RPRAM - Radar parameters. The f{irst two bvoxes of each
line contain the station name. The succeeding boxes indi-
cate the particular parameter desired. They are ordered
as follows:

i as] o e | 2 ] =
where

L = Latitude

I ~

=

<

Longitude
Altitude

Range Bias
Azimuth Bias
Elevation Bias
Range Rate Bias
Time Bias

"u' Bilas

= "v" Bias

“This list applies only if the full set is used. See the appendix for
explanation of standard set.
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Additional cards may be added for more radar stations. Note: The number

P's plus the number of Q's in CPRAM + DPRAM + QPRAM must be < 15, The

total number of P's plus Q's must be < 30.

Lines 37 through 44 - Sigmas

37 SIGMA | 100
38 2 .05
39 3 .05
40 10 50,
41 12 120
42 13 . Co
43 14 . 06
44 21 60.

Sigmas are the weighting factors for the radar observation partials. Each
sigma is a standard deviation for the particular cbservation type and station.
A set of radar sigmas consists of values for R, A, E, R, 15, Q, P, Q,

u, v, r, in that order, in feet, degrees, and seconds, I sets may be entered,
1=0,1, 2, ..., 9. This value of [ is the one to be entered on the Station

Location Card, column 5. Additional cards may be inserted here if necessary.

B & B, & Optional lnput

Line 45 - Covariance Qutput Specifications

{If any covariance matrix output is desired the eighth box, labeled
"update,' of PRCDE must be checked. )

[ 25 Molercov X[ 0] X[ | [of o] [x]

An X in a box specifies that the whole covariance matrix be output. A D in

a box causes only the square roots of the diagonals to be output. The boxes

are ordered as follows:
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Line 46 - Additional Option Box

[ 16 nlbpeox X[xI] [ ]

An explanation of the purpose of each box follows:

OPBOX AlB|C
A, If "A" box contains an X the 8P /30Q will be printed.

B.  If "B" box contains an X the A~ A print will be omitted.

@ If "C" box contains:
1, the AT will be punched.
2, the partitioned APTAP matrix will be punched.

Lines 49 through 60 - C{Q) Covariance Matrix Input

49 cCOVQ .01
50 2 .01
51 3 .01
52 4 5,

53 5 5

54 ) 2500.
55

56

"These covariance matrices include the "Q'' effects.
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COQVQ contains the variance-covariance matrix of the ""Q" parameters, which
are specified in CPRAM, DPRAM, OQPRAM. and RPRAM. The matrix is

input in lower triangular form. For example, if there were 3 Q's specified,

the matrix would have the form:

rha
L
o

Lines 61 and 62 - Station Location and Data Specification Input

Option for Multiple Cases”

61 IFLAG |
62 Ii7 1 I

1f IFLAG(7) is: {

-1 Input all Station Location and Data Specification Cards
0 No input - values are the same as previous case
1 Input Data Specification cards only; station locations are the

5ame as previous case,

“This option applies to "multiple’ cases (that is, ITIN = 555 ...}, but not to
"stacked" cases {successive cases for each of which ITIN = 5).
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Line 63 - Ata or (ATA)—1 Input Option

[ esWihis [ 1]

If IFLAG (15) is:

-1 Hold ATA {rom previous case

¢ No ATA or tnverse input

1 Input ATA into ATA area, as augmented upper triangular matrix
2 Input inverse into ATA (501} area, as lower triangular matrix.
5.2.5.3 Station Location Data
Column
1-2 ST
Two letters, which serve as identification for a station.
No two stations should have the same symbol
5 Type of radar cbsevvation sigma to be applied to data from this
station
The sets of sigmas input with the Basic Data are numbered
{from 0 to 9) in the order in which they are read in (see Lines 37
through 44).
6 Not used for Error Analysis
9-17 North latitude of the station in degrees
19-27 East longitude of the station in degrees
29-36 Altitude of the station in feet
38-39 If this station reports P or P data (Q or Q), these columns
(41-42) contain the two letter symbols for the associated station(s)

of the tracking configuration. Each such associated station
mus: appear on a separate Station Location card, but it is not
nzcessary for cclumns 38 through 42 to be filled out on the
latter,

The last Station Location card must be followed by a card with the letters

TR in columns | and 2. There may be up to 50 stations entered.
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5.2.5.4 Data Specification

Load Sheet I

Column
1-2 Station Call Letters
These must correspond to the letters on some Station Location
card
9-16 Interval, in minutes, at which data for this station is to be

generated

18-23 Minimum elevation at which thza vechicle is visible

25-30 Maximum elevation at which the vehicle is visible
(Zero value will be set to 909)

32-40 Maximum range {in n mi) to which vehicle is visible
(Zero value causes this test to be ignored)

51-58 Start time, from midnight of start date
(Zero value implies epoch is start time)
51-52 days
54-55 hours
57-58 minutes

60-67 Stop time, from midnight
60-61 days
63-64 hours

66-67 minutes

The last card of this type must be followed by a card with the letters TR in

columns 1 and 2.

Load Sheet II

Column

1-2 Station Call letters
These must correspond to the letters on some card from
Load Sheet I.

7-18 An X in the appropriate column will cause the quantity listed
above that column to be computed and used internally.

The last card of this type must be followed by a card with the letters TR in

columns 1 and 2.

The only limit on the number of cards using these formats is that at most fifty

different stations are allowed.




Table 12,

X-1 7090 INPUT DATA

TRACE - Frror Analysis Input Data

| AEROSPACE CORPORATION
/ COMPUTATION & DATA PROCESSING CENTER

PROGRAMMER . —— KEYPUNICHED VERIFIED e OATE ——um PAGE OF
] k. LE]
H1 ? ]
Hz " B N | T
:‘ ;0 27! .‘!: :D z?ﬂ ;B ;;
=l i 20 = | i ?7
__.’an{ g LocC. VALUE EXP. SsYMBOL Fr LocC. VALUE EXP
i@ppoin PR TITTTTLL 37 SIGMA
2@ 1[YEAR 38 2
3 8 [MNTH 39 3
4 I|DAY 40
5 TZNE 41
3 HR 42
7 MIN 43
8 SEC 44
1IGTYP 45 WD [PRCOHV INNERAI
10 IC 46 @D |OPBPX
= 2 47
12 3 48
13 4 49 COVO
4 5 50
15 6 51
16 DRAG 52
i P 53
18 3 54
19 4 55
20 5 56
- m e o9
532 $EE.7E s
29 % . g'ﬂ it 5
wobp L g B9 2
528938 5w 60
plerepe] | [ [ [T 61 IFLAG
PRTIM 62 W1 [7
2z 63 @I 15
3 64
4 65
5 66
6 67
7 68
CPRAM 69
DPRAM 70
OPRAM 71
RPRAM 72
73
74
75
76
AEROSPACE FOHM 242% REYV 4.87
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2-8:

10-15:

16:

18:

21
22-28:

29:

30:

Table 13.

Itinerary. Specify order of computa- 3.
tions.

1-Tracking data input, 2- Track,
3-Trajectory only

4-Data generation

5-Error analysis

Epoch
Type 1 2 3 4 of initial conditions, 32-36:
1C x o a b

y & e b

z B i B {ft-sec-deg)

X AQ A

¥y r o r

Z v TV

NOTE: If r is negative it is inter-
preted as height; if v is neg., ¢ir-
cular velocity is computed and used.
CpA/W. (ftZ2/1b)

Atmosphere model specification

0 ARDC 59

1 Lockhe=d

2 Paetzold II

3 Paetzold I
4

37-44:

L.F.E.
solar radio flux 45;

A planetary magnetic index
g@x) - plasma intensity coeff.

£
e = w
w w
§9:2:22 af
RS BN
988y .Ean o 46:
TogH3EERT A
Snad>Wooeo
X to print
Print at t=t_(At.)t, {(At,). .. (At Jt_ in
1710 2
minutes frotn midnight if PR&'IK‘/I:].,
from epoch if 0.
23 - n{<9), 24- t 25 - At
- 27 - 28 -
26 ty at,, 28 - t,,etc. 49-60:

Initial Condition Parameter Specifi-

cation 6.
Parameter to be solved for.
Parameter considered in error.

Type 63:
1 xvy 2z % ¢y &t
2 o &8 B Ar v 2
3 aei 0w to

0

Differential Equation Parameter

Specification
% Paramnecter to be solved for,

Parameter considered in error,
CpA e
=D LT, 033475337 731 T4 J22332742
[ 1Tttt t+ 1 ¢ F 11

5-47

Error Anzalysis Inpul Description

Extension of Diff, Eq, Parameter

Specification
E Parameter to be solved for.

Parame’ger considered in error

J339437 44lp 1 Lag Ly Lap Lap g ligalyalyy

Lt i P I ¢+ 1 11
R@iar Paramneter Specification.

to scolve for

)] parameter in error
STLt ARAERTuv

OTTr7TTTTIT

ST:Station Symbols R: Range Bias
L: Station Latitude A: Azimuth Bias
£: Station Longitude E: Elevation Bias
A: Station Altitude R: Range Rate Bias
T: Time Bias
ur "u'' Bias
Vi

y'' Bias
Sigmas | | |
{(R,AE,R,P,0,P,0O,u, v, r)I
I1=0,1, 2, ..., %

I is the sigma type as referred to by the
Station Location Data.
Covariance Matrix Qutput Specification.
X] in box for whole rnatrix
in box for sq. rt. of diagonals

P B ] Pl B Wl PR N SN s I
OF &b 27 wnl =l N =« +
S S i N B E T o = e
SECHICRCHCHCRC RN

Option Boxes: The form is:

OPBOX

A, If "A'" box contains an X the 3P/30Q
will be printed. T

B. If "B" box contains an X the A" A
will not be printed. T

C. If "C'" box contains: 1, the A" A will
be punched; 2, the partitioned ApiAP
will be punched

C{0) covariance matrix in lower tri-

angular form.

Input control for station location and

ephemeris cards.

ATa or (ATA)_1 input option.
-1, hold A A from previous case
0, no ATA or inverse input
1, input ATA into ATA area
2, input inverse into ATA(501) area,

* or shorter list depending on QBJIT
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5.2.6 Deck Setup

TRACE may be run from either binary cards or tape. This section describes
the setup, from the user's point of view, of each mode, indicates how to pro-
duce a program tape, and explains the use of the dummy routines provided

with the deck.

5o @By 61, 1l Running from Tape

At this point it is necessary to introduce REIN, a single program with only
one function: to read CHAIN (the first link of TRACE) {rom some specified

tape and thus initiate execution from this tape.

When a binary program tape is available, the input setup is as shown in
Figure 16. REIN can be considered a loader, which calls CHAIN from
logical unit 8 {A-8 with the present Aercspace Unit Takle). REIN must be

reassembled if any other unit is desired.

All comments below pertaining to the deck organization when running from
cards are applicable to tape also, as every execution from cards first pro-

duces {and then uses) a program tape.

When using a previously written tape, it i5 not possible to compile and then

use any program other than REIN.

Figure 16. Running from Tape
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5o B (80 2 Running from Cards

5.2.6.,2.1 Arrangement of Deck

The complete program consists of five links: CHAIN, TRAIN, MAIN, GAIN,

and FEIGN. (Use of REIN applies to execution from tape only.} A standard
all-purpose deck would look like Figure 17.

Arrows indicate positions of symbolic
programs and/or Debug cards to be
used with:

/ INPUT
I

| *DATA

/ FEIGN /_’*

| #CH.A.IN (5,B3) J{/
/ GAIN
GAIN

!
| *CHAIN (4, B V
/ MAIN

FEIGN

MAIN
«‘CHAIN (3, B 3) j
/ TRAIN
1 TRAIN
[ *CHAIN (2, Bs ‘V
f"‘{_{:HAIN
CHAIN

]

#XEQ

*CHAIN (1, B3) J/
|

Figure 17. Running {rom Cards —Complete Deck
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For various reasons, a variety of smaller decks or tapes may prove more
desirable. It is necessary to include, for any given run, only those links
to be executed during that 1run. The types of execution and the links that

each require are:

Tracking CHAIN, TRAIN, MAIN
Trajectory only CHAIN, MAIN

Data generation CHAIN, GAIN

Error analysis CHAIN, FEIGN

Some economy in tape-handling results from the use of shorter decks in

production work.

The input quantity, PTAFE = 11, must be included in the Basic Data when

running from cards (see paragraph 5.2.6. 2. 2).

If symbolic cards focr compilation are to be included, they must immediately
follow the CHAIN control cards and precede the DEBUG cards (if any), for
the appropriate link. In this connection, it is usually worthwhile, but not

necessary, to remove the corresponding binary program from the link.

5.2.6.2.2 Producing a Tape

While it is true that every run from cards automatically produces a program
tape, a short explanation of the CHAIN control card preceding each link may

clarify the process.
The card
# CHAIN (I, B3) (I=1, 2, 3, ...)
assigns the number I to the link it precedes, and directs the FORTRAN

monitor to store this program on tape B3.

Execution begins, after each program has been stored on the tape designated
by its control card, by reading back in the (physical} first link of the deck;
this must, therefore, always be CHAIN. If the tape number {in this case, B3)
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is the same on each control card, a binary tape of TRACE is then available
by simply saving B3. When source programs are included with the binary

cards, the result of the compilation appears on the tape.

Links are brought into core by programming in TRACE, which assumes them
to be on the tape designated by the input quantity PTAPE. PTAPE is set, in
REIN, to 8, and does not have to be read during a .ormal run from tape.

When using cards, however, PTAPE must be input. It must equal 11 unless

the control cards are changed {BZ2 and A4 are the only other units FORTRAN

will recognize for this purpose at present); or a unit table is employed in

which B2 does not egual 11.

5.2.6.2.3 Dummy Routines

For some purposes, it may be desirable to increase the amount of core

storage available for data handling.

Since TRACE contains many options, not all of which are usually executed

in any one run, there are always a certain number of extraneous subroutines
present. (For instance, only one integration routine is ever in use during
any trajectory.} These routines may be replaced with one-word "dummies"
if more storage cells are needed. (In replacing cards, it should be noted that

the TRACE programs, and then the library routines, are alphabetical within
each link.)

A list of a few subroutines of appreciable size that might be dummeied are

given here as an example,




pop—

Link Routine When It Is Unnecessary Approx. No. of Words
MAIN SDUMP No dump required 150
DXDA No analytic partials 400
DXDRSR DXDA being used 350
PATTY No accumulated normal
matrix cutput 400
PTRAJ No trajectory output 170
REST BLIST ( constraints) not used 260
REST] " " " . 215
AMRK Gauss-Jackson integration |
used { COW) 390
COwW AMRK used 1100

5.2.6.3 Data Deck Setup

All types of runs reguire input of BASIC DATA followed by the END BASIC

card. ITIN determines what further input is required.

If ITIN = 1 4 5
(TRAIN) (GAIN) {(FEIGN)
Read Tracking Data Input Data Generation Error Analysis
Station Location lst 2nd Znd
Radar Observation 2nd
Pzia(.i Sliaemﬁcanon 3rd 3rd
END DATA Card lst 1st

ITIN = 2, 3, requires only an END DATA card.

There is one exception to the above chart. If two or more GAIN or FEIGN
runs are run in the same [TIN sequence, the Station Location and Data
Specification cards are normally read the first time only. (See pages 5-28

and 5-43.)

5-55




Figure 18 shows an input deck for a single trajectory.

__[END DATA
T END BASIC

/' BASIC DATA "
* DATA W

Figure 18. ITIN = 3, Trajectory Only

For two successive trajectories the deck in Figure 18 should be followed by

the one in Figure 19.

| END DATA
/ Changes to ;I
BASIC DATA !'/

= L = )

|
/

Figure 19. ITIN = 33, Two Trajectories

The input deck for a standard tracking run with observation cards is shown

in Figure 20.
_—
j END DATA

RADAR
/OBSERVATIO}

LOCA TIONS

|
STATION 7 J

| END BASIC _J/r
J/BASIC DATA Z

*DATA

Figure 20. ITIN = 12, Tracking Input and Run
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For a tracking run followed by data generation, the above deck should be

followed by Figure 21.

‘/S%%E‘f‘FICA _"QQ@
{

1%

|75PECIFICATIO y
STATION
LOCATIONS
i

{ END DATA

l
I
i
\

J—

Figure 21. ITIN = 124, Tracking Run Plus Data Generation

Data generations and error analyses are run from input decks of identical

structure, as in Figure 22.

/DATA )
ZéPECIFICATIOD( 1] -
s

—

DATA
SPECIFICA TION/A
STATION A
LOGCA TIONS//
{_—_"‘—‘ /

| END DATA

END BASIC )

/BASIC DATA

*]‘DATA W

Figure 22. ITIN = 4 or 5, Data Generation or Error Analysis

o
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5.3 OUTPUT

Each link, or type of computation, chosen in TRACE provides two types of
programmed output, First, there are those headers and quantities that are
a function only of the link being executed and are not controlled by input
options. Second, there is output which must be specifically selected through
the input quantities PRCDE, PRTIM, and some of the tape parameters. A
third possible type of output is available, to anyone sufficiently familiar with

the program, by use of the FORTRAN DEBUG capabilities.

The first two kinds of output can best be described by means of examples.

Fifteen sample printouts are included at the end of this section.

wl

. 3.1 Examples 1 and 2 (CHAIN)

The output fromw CHAIN is all of the first type and appears on every run.

The first 26 lines are the BCD card images of the FINP input. Inclusion of

a card with the symbol CLOCK in columns 7 through 11 will cause the time

{in hundredths of a minute}, at which this card is read, to be output. Printing
of the input cards may be eliminated by removing the special versions of sub-
routine (CSH}S irom the binary deck. Any error printout indicates that the
last card was either punched incorrectly, includes a symbolic location not in

the FINP list, or is not a Basic Data card.

5.3.2 Example 3 (TRAIN)

TRAIN output is not input-controlled and is produced whenever a tracking
run is executed. Example 3 is the result of specifying station location and
radar observations on cards, along with the normal input deck. If a binary
radar data tape had been read, TRAIN output would not include the observa-

tional data.

There are several possible error messages. In Example 3, a mispunched
card, redundancy in reading the BCD tape, and inclusion of an observation

from a station for which there is no station location card, would all produce




the same effect. An appropriate line of output is printed, the observation
{or station) in question is deleted, and execution continued. Redundancies

in reading the binary data tape would cause this information to be printed

and execution terminated.

5.3.3 Examples 4, 5, 6, and 7 (MAIN - Trajectory Only)

All output from MAIN during a trajectory run, with the exception of the

initial conditions, must be selected through the input guantities PRCDE and
PRTIM.

Example 4 results from the request that the constants in use in the program

be printed out.

Example 5 shows trajectory output; Example 6, the variaticnal equations;
and Example 7, the elements. In these examples, the three kinds of output
are shown singly; any two, or all three, could have been given at the same
time just as easily. However, it is not possible to request one type of output
at one sequence of times and another type at another sequence during the

same frajectory.

5.3.4 Examples 8, 9, 10, and 11 (MAIN - Tracking)

When using TRACE as a tracking program, MAIN produces both input-

independent and input-controlled output.

The first type consists of the initial conditions, and, for each iteration,
something similar to Example 8. The legend, CURRENT SOLUTION IS NOT
GOOD, indicates that the previous solution has caused the rms of the residuals
to increase. The program therefore will decrease the bounds, return to the
last good solution, and re-solve, using the corresponding normal matrix.
CURRENT SOLUTIOCN IS BEST SO FAR is a signal that the rms has decreased
and that the bounds will be increased for faster convergence. SIGMA
(PARAMETERS}/SIGMA (NORMALIZED DATA) is the square root of the

diagonal of the inverse normal matrix.
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The input-controlled output includes everything that can be obtained during

a trajectory-only run (see paragraph 5. 3. 3), plus four additional computa-
tions.

Example 9 shows the STATION-BY-STATION SOS (square root of the sum
of the squares of the residuals after division by the appropriate radar sigmas).

This is printed once per iteration and is lirmited, at present, to nine stations,

Example 10 gives the measured-minus-computed values of the radar residuals.
If a time bias is included from one or rnore stations, the output time will be

biased.

The partials of the radar observations, with respect to the parameters being
solved for, appear as in Example 11. This may be requested along with, or
independently of, the residuals (Example 10). The units of the partials are
in earth-radii and radians; (all other output is in feet and degrees, or any
other systermn specified using the non-standard input); these quantities are

output before the division by the radar sigmas,

5.3.5 Examples 12, 13, 14, and 15 (GAIN - Data Generation)

All the output illustrated in paragraph 5. 3. 3 is also available during a data

generation. Besides this, there are three additional types of output:
Example 12 shows the station locations and data specifications.

Example 13 is a result of choosing to employ GAIN in the Rise-Set-Only

mode.,

Example 14 shows the various types of data that the program can produce,

5.3.6 Example 15 (FEIGN - Error Analysis)

All the output illustrated in paragraph 5. 3. 3 is also available for an error
analysis (FEIGN) run. Example 15 illustrates the type of output obtainable

by input control. Any combination of the matrices may be selectied as output
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by option. Only the square roots of the diagonals of the covariance matrices
may be specified as output, if desired. Printout occurs at the times specified
by PRTIM.

5.3.7 Other Output

There are three additional means of acquiring output, but since each requires
more familiarity with the programming of TRACE, they will only be mentioned

here.

First, the FORTRAN DEBUG system may be used. All binary routines com-
piled from FORTRAN source decks are preceded by their symbol table, and

almost all information of interest can be dumped from COMMON,
Second, the source prograr:s themselves may be modified and recompiled.

Third, core dumps may be obtained in case of trouble or at the end of a run.
To this end, each link contains, as its first program, a copy of SDUMP. A
suitable manual transfer {to a location dependent on the version of FORTRAN

in present use} will automatically produce an octal dump,
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APPENDIX

Standard Values of Constants and Parameters

Included in this appendix are lists of the contents of the arrays OBJ7Z,
OBJT, OBLT, INTEG, C, NUMB, and IFLAG, The first three contain the
earth gravitational mocel used; INTEG contains the numerical integration
parameters; C contains varicus constants. The non-zero values given for
these arrays comprise a 'standard' set of values to be input. The two arrays
NUMBEB and IFLAG contain many items that are equivalent to input items
described in Section 5. There are also additicnal items that the user may

want to alter.
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